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Chapter 12. 
SIMILARITY 
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Chapter 12 
SBCCLAECTr 

Similar Figures 

In general, we say that two. figures are similar if they have 
the same shape but not necessarily the same size. For example,' 

Any jtwo circles are similar. 




Any two squares are similar. 



, □ .. ■ 

v» ^ I 

Any two line segments are similar. • ' 

• • • — • 

Of course, it is not true that any two triangles are similar. 
For example, aook at the two triangles below. 




They certainly do not have the same shape. • 

On the other hand there are tWang^les ' that are similar. The 
two below are.i 



■J 
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You can thilik about similar triangles in terms -of shrinking 
or stretching. We c^tn stretch the smaller triangle so that it 
is. the size of the larger -one. Or, we shrink the larger one 
down to the size of the smaller one. 

\ The class discussion exercises that follow will show you how, 
mathematically, you can stretch or shrink a triangle to foi^n 
a simi lar triangle . ' ; 



Class Discussion 

1. On the Coordinate pleme below plot and label the points 
A(0,0) , Bik,0) , and C(U,3) • 



0 
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Draw segments AB , BC , and CA . (Use a straightedge.) 

What .kind of triangle has been formed? 

In A ABC : * . - 



(a) The length of side AB is units. 

(b) The iength of side"^ BC is , units- 

(q) Is there any way ve can count the number of units in 
the length of side AC ? 

(a) Take your compass and place the needle point at the origin 
(point a) and the pencil point at point c . 

(b) Nov draw an arc intersecting the x-axis, 

(c) What is the coordinate of the point where the arc you just 
drew intersects the x-axis? 

(d) How many units in length does side AC seem to be? 



The coordinates of points A , B , and C are written below. 
Miltiply each coordinate for each point by' 2 , thus finding 
the coordinates for points A'^ B'^ and C' ♦ 

A(0,0) A'( , ) 

B(4,0j B»( , ) ' ^ ' ' 

c(^3) ^ ' c'( , ) 

Plot and label the points B' (8,0) , and C»(8,6) on the same 
coordinate plane as you did for points A , B , and 'C . A*(0,0) 
is the ssone as A(0,0). We will refer to this point as A' when 
discussing A A'B'C . 



Draw segments A*B'^ B'C, and A'C'. (Use a straightedge.) 
What kind of triangle has been formed? 
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. lO,. In A A^B'C 



(a) The length of side A'B' is 




units . 



("b)* The length of side B*C' is \^ units • 

(c) How many units in length would you guess side A*C' 
to be? 

(d) Use the same process you used in Problem 5 sind see if 
your guess is correct. 

11 ♦ In order for you to see more clearly the two triangles you 
just drew^ we have taken them "pff the gild" and "separated" 




^Now let us compare the lengths \of corresponding sides* 



(a) The length of side A'B* is , times the length 

of side AB ♦ , ' . , 

(b) The length of 'side B'C is times the- length- 

of side BC • - ^ 

(c) The length of side A'C* is times the length of 

side AC • * • c - 

You can see that the length- of each side of the larger triangle 
is 2 times the length of the corresponding sides of the smaller 
triangle. In other words, we can stretch A ABC into AA*B*C* 
by multiplying the length of each side by 2 . In the same way we 
can shrink A A*B*C» into A ABC by multiplying the length of 
each side of AA«B»C« by ~ 
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The nmnbers 2 



and 



ire called scale factors. In the 



triangles you drew^ when ver stretched the smaller triangle 
onto the larger triangi^^e multiplied by a scale factor of 2 , 
If we go the other way and shrink the larger -triangle onto the 
smaller triangle then we multiply by a scale. fact,or of ^ . 

You can see that when two figii:^ are^ similar there are two 
scale factors, one for stretching and one for shrinking and 
they are the reciprocals of each other. , • 




Exerciseg 

\, 

In each of the problems below the triangles are simi lar . 
Find the scale factor for stretching and the scale factor 
for shrinking each triangle onto the other. 

(a) > 



C 

3/\5 

A 



A' 




6 " 18 ^ 
The scale factor for shrinking the larger triangle onto 
the smaller triangle is . 

The scale factor for stretching the smaller triangle 
onto the larger triangle is . 





26., . 13 

The scale factor for stretching the smaller triangle 

onto the larger triangle is . 

The scale factor for shrinking the larger triangle onto 
the smaller triangle is ' _. ■ 



r 
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(c) 




B' 



/ 

I 

Th^' scale factor for shrinking the larger triangle or>to 

, the smaller triangle is . 

t 

The scale factor for stretching the smaller triangle 
ontp the larger triangle is , 



In each problem below the tMangies are similar. Decide whether 
the aide whose length is not Jmowri is io the smsiller or larger 
triangle. Then find the scale factor and length of the side of 
*the triangle not given for you. ' 



Example > 





(i) The scale factor is . 
(ii) The length of side ' FIF is 3 



5 or 15 



(a) 





(i) The scale factor is 

■ 

(ii) The length of side Uz" is 



or 



Class Discussion 



Pictured below are two similar triangles. 











/do r 


r 



much like the ones you drew, in the last lesson. 

1. Look at triangle ACB ^ 

What is the measure of ^ ACB ? 



2* What is the sum of the Measures of the angles of a triangle? 

3* If the measure of the angle at A is 60 then what mubt be 
the measure of Z x ? 

h. Look at t3*iangle AC*B*. What is the measure of / AC*B' ? 



5- 
6. 



What must be the measure of ^ x* ? 



Fill in the blanks for the measures of each amgle for A ABC 
and AAB'C«. 



A ABC 

(a) m / A = _ 

(b) m Z ACB 

(c) m Z X = 



A AB'C» 



m 



Z A = 



m Z AC»B' = 
m Z X* = 



(d) Complete the sentence below. 

If two triangles are similay the corresponding angles 
have measure,. 
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Before we go on, 'let vls review exactly what we mean by 

corresponding sides and /corresponding angles. ' . 
* ■* 

Look at the two similar triangles below', 

%■ 

C 





AB and A'B^ are corresponding sides 

AC and A*C* are corresponding sides 

CB and C*B* are correspondlqg sides 

Z X and Z x* are corresponding angles 

Z y and Z y* are corresponding angles 

'Z z and Z z* are corresponding angles 

Now we know how to tell if two triangles are similar: 

(l) Tlieir corresponding angles must be equal in measure, 

and (2) each pair of corresponding sides must' have the same 
scale factor. 



Exercises 

The triangles in each pair are similar. Mark pairs of 
corresponding congruent angles and pairs of corresponding sides 
as is shown i^n the example. 

Example . 





10 




11 
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F6r each pair of similar triangles find the scale factor , 
'Then find the missing lengths of the remaining sides. 

Example* 




C . 



(i) The scale factor is i 
(ii) The length of BC is i 




6 or 3 . 



' (iii) The length of AC is ^ * 8 or k 



(a) 





(i) The scale factor is 
(iiO The length of is 
(iii) The length of is 



or 
or 
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(b) 




(i) The scale factor is 
(ii) The length of^ JXc^ is 
(iii) The length of Wc^ is 



or 
or 



BRAIKBOOgPEK. ' 

6. Find the scale factor and-the missing lengths in the similar 
triangles below. 




The scale factor is 



(ii) The length of side AC is 
(iii) The length of side BC is 



or 
or 



Ik 
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Ratios and Scale Factors 



In an earlier chapter you learned that the ratio of the number "a" 
to the number "b" is written as the fraction 

a , 

^ (of course^ "b" cannot be zero). 
As examples, the ratio of: 



3 to 4 is 



3 



5^ to 7 is 

7 to 10 is 

8 to 3 is 
Look at the similar triangles below 



7 ' 
7 

10 > 

8 

3 ■ 





You can see that to stretch A ABC onto A A'B'C we would use a Icale 



factor of 2 



Or, to shrink A A'B'C onto A ABC we would use a 



scale factor of ^ . 

An easy way to find the scale factor for two similar triangles is 
to^compare the lengths of corresponding sides by writing them as a ratio 
In the drawings above: 



length of A'B' 

length of AB 

length of JJcT 

length of AC 



10 

5 



= 2 



length of B'C 
length 6f 



8 



= 2 
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Now thiis' tells us that 



length of A^B* ^ length of A^C ^ .length of B'C ' 
length of ^ z , length of ^ length of BC 

that is , ;Wie ratios of the lengths of corresponding sides of similar 
triangles are, equal * 

We can now use this idea of equal radios to solve problems 
ii}VOlving similar tilangles . ' ^ . 

Class Discussion . . , 



V 




C B' 




The two triangles above are s*imilar. We want to find 'the 



lengths of sides A'C* and B*C*. 

l.l The ratio length of . g 
length of J\B 



2. The ratio length of A^' ^ x 
length of AC 



3/ Knowing that the ratios of the lengths of corresponding sides 
of similar triangles are equal gives 



(Write in the missing denominators.) 
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You know that if f = | , then by multiplying^ as shown, 




a • d = b • c 



This is how, we compare two rational numbers and is called - ^ 
the Comparison Property. Use the Comparison Property and 
fill in the blanks . 

_^ • X 2 • 6 

so, 3 • X = 30 

5^ yo. solve the equati-on. 3 • x = 30 we must multiply both sides of 
the equation by « • '^So .3.x = • 30 and x = 

6. The value for x , and thus the length of side PJc^ , is 



Let us use the same procedure \,o find the length 'of side 

7. The' ratio length of 1^ ^ ' _ 

I length of AB 

8. ^ The ratio J^ength of Wc^_ ^ JL. _ 

, length of BC 



9- Knowing that the ratios of the lengths of corresponding sides 
V of similar triangles are equal Jgives 

y 6 / 

- * (Write in the missing denominators.) 

i ' 

10. Use the. Comparison property and fill in the missing numbers . 
• y = 



so, 3 • y r 36 
11. To solve the equatioh 3 • y = 36 we multiply both sideB of the 
equation by . So, • 3 • y =^ * 36 and y = 



r' 12. The value for y, and thus the length of side B*C* is 
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Exercises 



Use equal ratios to find the missing lengths. The triangles in 
each prQblem are similar. 



1. 




B 




(Show your work: in the space below.) 
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BEAIHBOOSOJER. 

7* We have a flagpole which we want to find the height of. 
We do not want to cut it down nor do we want .to climb it. 



How do we find the height of the flagpole? . 




"Directions: 



(i) Measure the length of the flagpole »s shadow, AB • 
. -(if) Measure the length of a friend's shadow, A'B', at the same timej 
(iii) Measure the friend's height B'C . * \ 

If the two triangles^ are similar (and they are) you can easily 
solve this problem since 

length of the pole's shadow ^ height of the pole {x) . 
length of the friend's shadow height of the friend 

If the friend is 6 feet tall and casts a \ foot shadow, then 
how high is the pole if its shadow is' 2h feet? 
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' a Photo Efllar^er . fforks ; Parallels and Similarity 

If ve hav^';a triangle, such as pictured below 




and we draw a sequent _DE , parallel to bne of the sides. 
' ■■ • B 




then, the triangle fomed, A DEB is similar to the triangle .we 
started' with, A ACB. . , , . ' 

i 

A photo enlarger is h fairly simple 
appMcatipn of this idea. Basically, it 
is just a box with a horizontal glass 
shelf in^thfe middle. The \ox is light- 
proof except' for a ^pinhole in the top 
through which light bay pass, (in 
order to admi't more light, lenses are . 
used instead" of a pinhole, but the light 
caning tkrough the lenses ,act^ as though 
it 'come from a pinhole.) 



horizontal glass shelf 
hoilzontal bottom 

■ 22 




Figure 1 



In the dark^ a photo negative 
^ is placed on the glass shelf and a 
• piece of light-sensitive photo- 
paper is placed on the bottom. 
The door is then closed and the - 
ilgKt is turned on. At any point 
on the photo negative, the shading 
determines how^mubh light can pass 
through to reach a point on the 
paper. Thus a correspondence is 
established between points on the 
photo negative and points on the paper 



12 inches 



2k inches 
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photo negative 



paper 



Figure 2 

We will say that the vertical distances from the pinhole to the two planes* 
dre 12 inches and 2h inches. 



You can see that QA is parallel to QHT, so that 
A PQA is similar to, A PQ'A' . 
The scale factor in stretching A PQA onto A PQ'A' is 

length of PQ' 



length of 



2^ 

= 2 . 



23 



Now if we take any. other ^point B on the photo negative (as in Figure 3) 
then A*B* is parallel to ' AB , * \ 



2k inches 




12 inches 



- ^ Figure 3 

and we have A PBA similar to A PB'A' . Again the scale factor in 
stretching A PBA onto APB'A* is 



length of 
length of PA 



2k 

= fl or 2 . 



You can see that the distance between arly two points in the 
enlargement is always twice the corresponding distance on the photo 
negative . 



CP 
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Class DlscussioD 

t 

Suppose we use the same photo enlarger and vant ah enlarge- 
ment that will be three times ate large as the photo naegative. 
How far from t% top should the shelf be placed in order. to do 
this? 

Solution. H 

!• In Figure 3^ A PBA is similar to A PB»A« * 

2. Then 

length of PA ' ^ ^ ^ 
^ = scale factor 

' length of PA - - ' ' ' 

.is the ratio that will give us a scale factor. 

V 

3. S|nce the length' of PA* is 2k and the desired scale 
factor is 3, we can then wilte 



= 1 



(length of pa) 
k. Using the comparisdn property 

1 . 2k - 3-' (length of PA) 

5» Multiplying ^both sides of the equation by ^ 

(j) • = (i)'- 3 • (length of PA J 

8 = (Length of .PA) 

Thus^ the shelf with the phpto negative on it. should be 8 
inches f rom vfche t^op. . > 
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Exercises ' • • 

The glass shelf in th6 photb enlarger is inovable. How far frbm 
the top should the shelf Ijte placed in order to get enlargements with 
the followi'ng scale factors? Urfe the fact 'that 

2h ^ scale factor 

length of PA 1 

1. A scale factor of h . 



Distance from top = 



inches. 




2. A' scale factor of 6 



Distance from top = 



inches. 



3* A scale factor of 12 



Distance from top = 



in9hes« 
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BEAIKBOOSTER, 



k. A scale factor of 5 . 



Distance from top = inches < 
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Hpv to Divide Up a Line Segment . 

Pictured belcw is a nuiriber line with perpendicular lines drawn 
'through the points'" 1 through 5 . ^ 




Because ^ , , , an(J are all perpendicular to the 

same line, you know that they are parallel to each other. Furthermore, 
as they pass thr'ough the points 1,2,3,^, and 5 which are equally 
spaced on the number line, you know that these parallel lines are equally 
spaced . 



We have drawn segment OA which- intersects ^-^ , , Z^ , and ^ 
at points B , E , F , and G • 



^ aB 

ERiC ^. ' ^ M 



Class Discussion 

1. Take ybur coii5)a8s and place the needle point at 0 and the -pencil 
point at . 

2. Without changing your con^ass setting^ place the needle poiirt at 
Dj, • and the pencil point, 'at . 

3. IS od;;^^? , ; 

k. Place the needle point at Ej^ and the pencil point at . 
Is D^E^ s E^F^' ? . 

5. ^ Again^ without changing your setting^ use your compsBB to find out 

if OT^ , D^E^ ^ E^F^ , F^G^ , and are all congruent 

to each other. 

Are they? ' } ' 

6. Use a straightedge, to draw segment OB ; 

7. Use your coii?)ass to find out whether the segments cut off by the 
parallel- lines in OB are all congruent to each other. 

Are they? 

8. Use a straightedge to draw OC . 

9. Use your compass to find out whether the segments cut off by the 
parallel lines in OC are all congruent to each other. 

Are they?* ^ 

10. Do you agree that^ no matter what line segment is' drawn so that it 

passes through these equally spaced parallel lines^ the segments they 
cut off will all be congruent to each other? 
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Wow we will show you how to use these ideas to divide a line 
segmeht into smaller congruent line segments. 

' Stippose we want to divide into four smaller congruent 

line segments. 






12-5C 

Next, we draw W . 




Now^ if we construct the lines through points B ^ C , and D 
parallel to W y . they will intersect AF in three points, x , y , 
and 2 , 




and AX > XT , YZ , and ZF will be congruent to each other. Thus, we 
have divided AF into four smaller congruent segments. We have also formed 
four triangles — A AEF and three smaller triangles all similar to A AEF . 

The problem with Using the above method is that constructing lines 
that are parallel is not an easy task. Fortunately, you always have 
equally spaced parallel lines available to you. For example, the lines 
on- your notebook paper are parallel and equally spaced. 

We will use- the equally spaced parallel lines on a piece of notebook '"^'* 
paper to divide a line segment iKto smaller congruent line segments. 

31 
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Problem . Divide line segment AB into three " smaller congruent 
line segments. 



A 



. B 
—I 



The equally spaced parallel lines below are much like those 
in a piece of notebook paper. 



.1 













; 1, 

2. 



Firsts we pick a point on one of the top lines. 

, We place the needle point of the canpass on point B and 
the pencil point* on point A . 

>athout changing the compass setting we ( plac e the needle 
point on B^ and draw an arc intersecting the lines. Any 
line segment drawn from B^ to a point on the arc will be 
congruent to AB . 

We want to divide AB into three smaller congruent line 
segments so we find the point where -the arc intersects the 
'^hird line down ^ from the line that contains B^ and label 
that point A^ . 



Now we draw A^B^ . 

1 '1 



Now the parallel lines clearly divide 
segment A^B^ in three smaller congruent segments. As 

^1^1 ~ ^ ^^^^ ^® take your compass and lay off 

these congruent segments on AB . 
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Exerc 1*868 

Use the e^uaUy spaced parallel line8 below to divide the given 
line segments into smaller congruent ' segments . 



1. Divide AB into three smaller congruent line segments. 



^■^^"XBivi/ae CD into five smaller congruent line segments. 



3- Divide EF into seven smaller congruent line segmentE 



\ 
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Ratios and Similar angles 

Earlier in this /chapter you found that the ratios of corres- 
ponding sides ofLsWlar' triangles are equal. Knowing thisy^you 
were able to solVep^blems involving similar triangles. For 
example, to find the nu^s^ng length of Fc^ in the two similar 
triangles below. 



then 




You first wrote 



You know that these two ratios are equal so ^ 



By the comparison property 



3 • X = 8 • 6. 



03: 



3 • X = U& 



/ 



Miltiplying both sides of the eqjiation by you get 

. ^ ■ . (^)-3/-x =i(U8) 



or 



/ X = i6 




3h' 



40 



Thus, the length of A'C is l6 . Of course, if you saK? that the 
scale factor was 2 then ^11 you had to do was multiply 2-8 and' 
you _wou3.d have had the answer.. Often, though, it is not easy to,. see what 
•the scale factor is.. 

> * ' ^ " * 

: . ^ Class Discussion 

. In the last lesson you learrjed that if you have a triangle, 




and you dz^w a line segment^ BE 9 parallel to one of the sides' 




then the triangle formed, A DCE , is similar tp A ACB . 

Suppose you have two similar triangles and the lengths of certain 
sides of the triangles are given, as is shown below: 



80/ 




100 

Can we find the length of the side x ? Your knowledge of equal ratios 
and the comparison property will let you find the length of x , 
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. . • ' . • l2-6b 

Suppose we want the scale factor for shrinking the larger * triangle 
onto the- smaller triangle. Then^ using the sides of the triangles 
. that are horizontcpt^ the scale factor^ written as a l*.atio^ would 
be ' ^ 

If we use th^ sides' of the triangle that are vertical , then the 
- same^ scale factor, written as a ratio, would be 

Now we know the scale factors are equal and therefore^ the ratios 
are equal, so 



5. 
6. 



Using the comEL^ison property we get 

So, 1.00 'x = l600 
To solve this equation we multiply, both sides by 
After doing the arithmetic- we find that 



X = 



find 
1 . 



Exercises 

The triangles in each problem are similar. Use equal ratios to 
a value for x v 



60 < 




100 



RIC 



(a) Write the equal ratios here. 

(b) Use the co;nparison property* 



(c) Multiply both sides of the equation by 'tTie correct number, 
which is ^ 



(d) Do the arithmetic to get the answer. 

' 36 . ' 



50 



lOQ 



(a) Write the equal ratios here. 
("b) Use the cc3mparis.on property. 



(c) Multiply both of the equations hy the correct number, 
which is 

(d) Do the arithmetic to get the answer. 



X = 




100 



(Do your work below* ) 




It 



6. 




(Do your work below. ) 



X = 
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-SlMlar Triangles ^ ^ Ratios ^ Percent' 

In the last lesson you may have noticed thpt in every problem the 
larger triangle oT the two similar triangles had a'side of length 'lOO 

In shrinking the larger , triangle onto the smaller one you wrote 
a ratio in which the 100 was in the denominator. For exaii?>le: 




• 50 



100 



Using the horizontal sides of the two triangles you wrote 

100 ^ 

and then using the vertical sides you wrote the ratio 

X 

80 • - 

As th^se two ratios represent the shrinking scale factor and as 
scale factors in similar triangles are equal ^ you then coiild write 

JL ^ 50 
80 " 100 • 

Your knowledge of the comparison property and your ability to solve 
equations then let you do as follows: 



So 



(a) 


Bo = 


50 
Too 




(b) 


100 • 


X = 


50 • 


(c) 


100 • 


X = 


4000 


(d) 
(e) 


^100-^ 

X = 


• 100 

4000 

100 


• X 


(f) 


X • = 







^100 



4000 
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Although you may not have realized it^ when you worked these problems 
you were also solving a percent problem. 

Whenever a ratio is written with 100 in the denominator you are 
writing that ratio as a percent . For example^ 
50 



may be read as 50 percent. 

As the symbol for percent is ^ ^ we can then write 
^ ■= 50 . = 50^ . 

You can see that is 1^ . 



Class Discussion 

Let us now use the idea of similar triangles to help us solve 
a percent problem. 

Problem . 3C^ of 8o is what number? 

Picture Solution : -> 

(a) On the grid on the next page, -.count over 10 squares on the 
X-axis and mark it 100 This will represent the horizontal 
•leg of the larger triangle. 

(b) Now count over 3 squares on the x-axis and mark it 30 . 
This will represent the horizontal. leg of the smaller 
triangle. Notice that. you now have pictured the ratio 

(c) Count up 8 squares on the y-axis atid mark that point 

8o . Use a straightedge to draw the segment that connects 
the point marked 100 to the point marked 8o . You now 
have 'drawn the larger of the two similar triangles. 
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(d) Now, put your straightedge on the point marked 30 and as 
nearly as you can draw a line parallel to the segment you 
dxev from 100 to 8o , so that it cuts the y-axis. Mark 
this point t . You -now have drawn the smaller of- the two 
similar triangles. 

(e) Make a guess as to^ where the point t lies on the 
y-axis . 



Arithmetic Solution: 



30 
100 



t 

So 

100 



-30 • 8o = 100 • t 

2400 = 100 • t 

100 • t 

2k = t ■ 

Therefore; 30^ of 8o is . 24 . How close was your guess to this answer? 



Exercises 

Each of the problems in this exercise set is a percent problem 
pictured on a grid. 'We have drawn one of the two similar triangles for 
you. You 'are to draw the other triangle by drawing a line through the 
marked point parallel to the given line and then estimate the answer. 

Example . What ^ of 8o is 20 ? 




You are- given this type 
of picture. 



You coD5)lete the picture 
like this. 



What ^ of 80 is 20 ? 
About 2^ ^ . 



^^Estimate the value of this point . 




What is of 80 ? 





























































































































i— 






























































































































































































































































































































































































X 




1 










5^ 










1 


30 











Of 80 is about 




hof, of about 



is 20 . 



i% of 60 is what number? 







































































































1 

-J 


































1 


















































































































































































































































































































































































X 






t 


















1 


DO 













1% of 60 is about 



5. What io of 150 is 30 ? 



y 

1^ 


































1 






































































































































































































































































































































































* 










































































































































































1' 


)0 













30 is about 56 of I50 . 
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6. 25^ of wh^t number is • 1*0 ? 



































































































































































































































































































































































































40, 






































































































































V 
































25 
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0 






— 1 





































25^ 9f about is W • 

-» > ' ' 

Here are the solutions to each of the problems you just finished 
doing. ' If your estimates are within of these solutions you have 
done well. 

1. ' 5C^ of 80 is kO , 

2. 10 is of . 

3. halo of ^0 is 20 . 
k. 1% of 60 is _9_. 

5. 30 is 20^ of 150 . 

6. 255^ of. 160 is IfO . 



hi 



^ Solving Percent Problems 

Suppose you are given the problem, 

^ "25^ of '120 is what number?". . ' 

You know that you can picture this problem on a gild and estimate the ahswer, 
,In most cases your estimate will be .close. But we need' to be more than . . 
close. We need to be able to get an ^act answer. Picturing percent problems 
on a grid not only lets you estimate the ahswer but it also lets you 6ee*t}ie. 
ratios so that you can get an exact answer. . ' * * \ . • 

Let us picture the problem., "25^' of 120 is what numbpr?"/v'ori a 
grid and see if we can arrive at the exact solution, npt jusf an estimate. * 
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< 
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X 






f 
















iq 


0 









Looking at our picture we can estimate that the^ answer should be close 
to 30 > Q3:e really act sure. " * - - \ ' 

We do know thfet the ratios of corresponding sides of similar triangles 
are .equal, so we can write: . s ' 



t 
1?0 



23 

100 ' 



Using our knowledge of the con^arison property and our ability^ to solve 
equations, we then write: ' , . \ " . 

100 • f = 25 • 120 , '. \ - . ;. 

• 100 ; t = 3000 , r " \ 

i^i ^ 100 . t = c^)-. 3000,; • . - ' 

t = 30 . 

We now have found the solution to 'Bhe pr^bl^m and we" see . that our. estimate, 
was, a good- one. - . • i^g ' J - " ■ , -.• . . : 



. . • . ' • ^ - ' 12.8a 

Exercises 

' "f 

For each problem^ niake an estimate of the solution by drawing similar 

triangles on the grid. Then use the con^arison property and your ability 

to solve equat^ns to find the arithmetic solution. 

< • 
1.'. 2% of 72 .= ? * ■ • 

I 
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X 




H 




















•11 


X) 











(a) Write the equal ^ratios here; ' 

(b) Use the con^arison property. ^ 

(c) Mmltiply both sides of the equation by the correct number. 



(d) 'Do the arij^etic to get the answer. 
25^.^pf?72 = • 



h9 
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What ^ of 75 is 15 ? 

(Show arithmetic solution/below.) 



A 






t 
























































































































































































































* 














'7c 

IP 1 












































































































































































































15 ( 
































































X 
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)0 











1^ of 75 is 15 . 



5- 3^ of what number is 24 ? 

(Show arithmetic solution below. ) 
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>2 












1' 


X) 













3^ of is 2k . 
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Pre-Test Exercises, 



These exercises are like the problems yoif will have on the chapter 
test. If you donH know how to do tfaem, read the section again. If you 
still don't understand, ask your teacher. 



1. 



(Section 12-1.) 

Find the scale factor for stretching and the scale factor for 
shrinking each triangle onto the other. 

C 

(a) • * / 18 





The scale factor for stretching is 
The scale factor for shrinking is 



(b) 





The scale factor for stretching is 
The scale factor for shrinking is 



2. (Section 12-1.) r ' 

• Find the scale factor and then find the length of the side of the 
triangle i:iot given to jou. 





(b) m A^C = " 



12-P-2 

3. (Section 12-2.) 

The triangles below are similar. Mark pairs of corresponding sides 
and p'airs of corresponding angles. 




h. (Section 12-3.) 



Use equal ratios to find the missing length. The triangles are 




X = 



ERIC 



12-P-3 



5. (Section 12-5.) 




What do you know about the measures of segments AB , BC , and " CD ? 



(Section 12-6. ) . 

Use equal ratios to find the value of x . 




100 



X = 



55 



7- (Section 12-7. ) 
100 '^^ 100 



i 



8.' (Section 12-7.) 

Estimate the value of t 
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(Section 12-8.) . • 

On the grid below use similar triangles to estimate the answer to 
"205& of 90 is what number?". 



2C^ of 90 is 



56 .. 



10. (Secticin 12-8. ) 
Solve for x . 

(a)' JL. = i5. ' 
^ ' . 120 100 



12-P-5 



X = 



10 
100 



9 

X 



X = 



(c) JL = 25 
100 50 



X = 



erJc 
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U, (section 12-8.) 

(a) 3 is vhat % of 12 ? 



1 • ^- 

I 

f; ^ 



3 is of 12 . 



(Ta) 1% of "So is what niMber? 



1% of 8o is 



(c) 30^ of what number is 36 ? 



30^ of is 36 . 
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Test * 

Find -the- scale factor for stretching arid the scalfe' factor for* 
shrinking each tiiangle onto tbe other. , / , 

(a) " - ' . -•■ ; 




The.jBcale factor for stretching is ♦ 

The scale^ fdc^or'for shrinking is ' . 

(b) ^ ' • 




The scale factor for stretching 'is • ^ 
The scale factor for shrinking is 
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Find the scale' factor and then find the length of the side 
not given. 

' ■ - • ... . C 







? / j 






12 



(a) Scale factor is 




a?he triangles below are similar. Mark pairs of corresponding sides 
and pairs of corresponding angles'. 





60 



In the dreiwing below, , ' ^ ' ^^l^. > parallel and equally 

spaced r They are cut by a transversal^ ,t • 




What do you know about the measures of /segments AB , 'BC , ^nd CD ? 



Use equal ratios to find the value of x 



8. Estimate the value of t . 



t 



t is about 



60- 






























































" » 






30- 
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9. On the grid below, use similar triangles to estimate the answer to 
< "305^ ot .kO is what number?"'. 



■4' 
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4 























30^ of JfO is about 
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10. Solve for x . 
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150 100 



X = 



(b) 



' 10 18 
100 ■ T 



X - 



(c) -iL - 

100 5o 



X = 



[ erJc 



6h 



11. (a) 5 is vhat ^ of 20 ? 



5 is ^ of 20 



(b) 25^6 of 80 is what numb 




Of 8o is 



(c) kCfji of what numl^er is 36 



ha^ of " is 36 



Check Your Memory; Self -Test 



(Section 
\PiX| the blanks. 



(a) -.To undo multiplying by 1^', you multiply by - 

(b) To undo adding 6 , you 



(c) To undo adding ^ you 

(d) To undo multiplying, by \ , you 

o 



(Section 8-6.) 

Solve these equations. 

(a) Tx = "35 , ("3)1 = 

(b) X 11 = "5 ■ ' f (e)^ l^x -2 = 4 

X = X = _ 

rc) |x = 6 . '. 



(Section 10-5 •) 

Put a decimal point in^the following numbers so that: 

(a) the 5 is in the tenths place 3' 4 6 1 8 5 

(b) the 8 is in the ones place 7 0 8 9 3 

(c) the 4 is in the hundredths place 2'4 5 6 7 1 

(d) the 2 is in the thousandths place'' 5 6 2 4 

(e) the 3 is'' in the tens place j 3 0 8 

(Section 10-11^) '\ - - . 

Multiply, \ 

(a) 2.8 X 100 = 

(b) .372 X 1000 = 

(c) X .25 = 

(d) 2 X .125 = ' 

_ - • 66 



6. ■ (Section ll-k.) , 
•. Sketch a figure to show vhat this looks like. 

^ ' ■ S^;- II EG ■ - . ' ' ■ 

EH i EF 

' HG s W ' . 

- FG 1 HG ' 



What kind, of figure is this? 



Now check* your answers on the next page. If you do not have them all 
right, go back and read the section again. 
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' 1, 


■ (a) 


1 






add "6 




(c) 


add ^ 




(d) 


miltiply by 


2* 


(a) 


"5 




(b) 


6 




(c) 


8 






56 




(e) 


9 


3. 


(a) 


3if6l8.5 




(b) 


708.93 




(c) 


.245671 




(d) 


.5624 




■(e) 


30.8 


k,' 


(a) 


280 




(b) 


372 




(c) 


.1200 = .12 




(d) 


.250 = .25 


5. 


(a)' 


m Z X = i4o 






m Z X = 50 




(c) 


m Z X = 60 



Ansvers to Check Your Memory : Self -Test 



8 
3 
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The figure is a rectangle, (it i& also one kind of parallelogram, 
and you may have drawn .a square.) It may be in many positions^ ^ 
like these: 




H 




etc. 



However, the angle at H . jfhould be opposite the angle at *F 
no matter which way you drew it. 
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MORE ABOUT RATIONAL NUMBERS 
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Chapter 13 
'MORE^^^OUT RAaiONAL NIMBERS ' 



Introduction 

In your- very first e:q)erience vi^^umbers, you lised niimbers to 
count things > You could always find an answer to problems about iihings 
(and therefore" about the numbers you used) simply by moving the things 
tbemseives and counting again* ""x^ 

X 

^ ' ^ Later you learned to add^ subtract, multiply, and -^vide the 
numbers themselves, and you found that they obeyed certain ri^es. When 
you worked with whole numbers, for instance, you knew yOu could choose 
two numbers, like 5 and 3 , and add them, and that you would get 
just one answer, -no matter whether you added 5+3 or ' 3 + 5 . 

^ When you chose two numbers and tried to subtract, however, you 
found that 5.3 = 2, but for 3 - 5^ = ? .you did not get any 
answer at all. 

In Chapter 5 you* learned that the prdblem 3 - 5 = ? does 
have an answer, -"2 , -in the numbers called integers-. You learned. . 
where these numbers are located on the numbed line. 

. In the same way, you knew that when yoti multiplied two whole 
numbers, the answer was always a whole number, and it didn't matter in 
which order you fflul-y.plied them. 6 X 3 = I8 and 3 X 6 = 18 . 

When you tried to divide, however, you found that 6 divided by 
3 is a whole number, but 3 divided J^y 6 is not. 

In Chapter 6 you learned about rational numbers and you found that 

3 divided by 6 fs a rational number which may be called r- or i 
^ ^ ' p 2 

or ^ or many other names, and you learned where the rational numbers 
are located on the number line. 

For a long time you have known how to "compute" using whole numbers. 
You know how, to go about getting the answer when you add and multiply 
whole numbers, and how to subtract and divide them when an answer is 
possible. 

■ * \ 
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You also know how to add^ subtract^ and multiply integers, but you 
have not yet studied division with negative integers. With rational, 
numbers- you can multiply and divide, and .you know that you can add and ^ 
subtract all rational numbers, but there are some kinds of problems you* 
still have to learn how to do* 

In this chapter, then, you will "fill the gaps" in your, ability 
to compute with integers and rational numbers. You will learn to divide 
with negative integers and to add or subtract any rational numbers, using 
fraction names as well as decimal names. 
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Another look Ajb integers 

Before you go on to division with negative integers^ let's be sure 
you remember what you learned earlier about these numbers. 

Class Discussion 



i — I — I — I — I 1 1 — I — ! — 1 — I — I — I — i 1— I 1 — 

0123^56789 10 



3- 



On the number line above^ the only points that are labeled - 
correspond to whole numbers.. You have seen that the numbers to the 

right of zero are also called integers. To the 

left of zero are the integers, which are the 

opposites of the positive ones. You have called these "opp 1% 
"opp 2", and so on. You write "l , "2 , .... On the number 
line above, find the point that is one unit to the. left of 0 
and label it "l . Label the point that is two units to the 
left of 0 as "2 , etc. , 

The point that is 5 units to the right of 0 corresponds to 

. The point that is 6 units to the left of 0 

corresponds to • 

The number 



is neither positive nor negative. 



Every integer may be represented, by an arrow above the number line. 
The direction the arrow points shows whether the integer is positive 
or negative. The arrow below shows Hhe integer^ 3 . 
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H 1 H 



1 



9 "a "7 ~6 **5 "3 "2 "1 0 1 2 3 

How many units long is the arrow? 



Which direction^does the arrow point? 
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1^ 5 6 7 • 8 9 
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J. L J ' i. J J J 



H 1— f- 



10 "9 • 8/7 "6 '5 "if 3 2 "1 p 1 2 3 h 5 6 7 8 9 10 



The arrow above is 
It points to the 



vmits long. 



It represents the integer 









' lb 4 -k -\ i i \ -'3 -L -d 


D- 1 i : 


5 If 5 M 


8 9 10 



The arrow above is.'. 
It points to the 



units long. 



It represents the integer 



To solve 6 + "3 using an airow, we start at *6 and draw an arrow 
3 units long pointing to the left. * ' ; 



! I 



H — I 1—1 1 1 — f— » — ri » »- 



t f t 



"10 "9 "8 /? "6 "5 ^3 "1 0-1.2 3 h 5 6 7 8 *9 lo 
So 6 + "3 = 



75 



Each or^ese niamber lines can be used to solve an addition* 
proDlem. 

(a) • ■ - • • 



(b) 



(c) 



■(d) 







— 1 — »- 




-1 ,1 -1 J -1 — »^ 

6 5 4 -S 2 1 . 0 

* 

^ II -I -1 -l' -1 -I — 


1 1 i 
L 2 3 4 

4 


1.^ ^ 


I 1 ' 1 • ! • < 











4 J -1 -1 J - 

65432] 


— 1— 1 — 1— 

L 0 1 2 3 ^ 


+ 5 ^ ' 



1 — 1 — 1 — 1 — 1 — 


«* '•■ 


^ * 


' 1 "! . 1 — 1— 


/6 5 4 3 2 ] 


L 0 1 2 3 1 


+ 5 6 



¥rite the letter of the number line th^t goes with each problem^ 
and then give the answer. ^ j ' ^ 

.{ ) 1 + 4 = ■ ' V ) 4 + "5-= r ' 
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MUI/nPLE CHOICE. ■ - 

^ 9» The sum of two positive integers is always 

(a) positive 

(b) negative 

(c) - zero 

(d) none of the above ♦ * t 

10, ' The sum of two negative integers is always 

" (a) positive 
. (b) negative ^ 

(c ) z|ro 

(d) none of the above 

- 11» The sum of an integer and its opposite is always 

(a) positive 

(b) negative 

(c) zero 

(d) none of the above 

12, The sum of a positive integer and a negative integer is 

(a) ^positive if the integer f arthest-\ from zero is positive 

(b) negative if the integer farthest from zero is positive 

(c) positive 

(d) negative 

(e) zero , 

13* (a) In working with whole numbers^ you learned that 9 - 7 = 
(b) In the set of integers,, 9 + "7 = , 



(c) Subtraction problems may be rewritten a§ addition problems so 
that you • * the "of the subtrahend. 
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lli-t Eevrite each of the following subtraction problems as an addition 
, problon and find the answer. ^ * 



(a) 1^-3 = 



(subtraction problem) 
(addiction problem), 



(b) '3 - 2 = 



(c) l^-,-3 = . 



(d) . "3 - "2 = 
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Exercises 



13-le 



7 



S 

-f- 



B 



R ^ W 



On fhe. number line above, letters are used to stand for positive 
and negative integers. Zero is shown on the line. > In the blank 
beside each letter below, write the letter that stands for its 
opposite. .• . 

(a) 



A 

(b) V 

(c) P- 
(dj' B 



V 



The functioh f:x'-*opp x is often palled the opposite function. 
Complete the table of input'^ and outputs, and graph this function 
on the coordinate plane below. 



f : X ^opfp 


Input 


Output 


X 


OPP'X 


k 








0 ' 




■"l 


• 













. 0 


utj 


)Ut 




































































-2- 








































I — . 
























- 












L 1 


> 
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■ Fill the blanks with < (is less than) or > (is greater 
than) ta'make each statement true. 

(a) 3 : 5 • - 

(b) 7 2 ' . ■ • 

-(c) -.6 k 

(d) 5 '8 

ie)-k__'3 
it) -16 "1 

Find the answer to each problem below. If it is an addition problem, 
you will not need the blank below the problem. If it is a subtraction 
problem, rewrite the problem to show that you add the opposite of 
the subtrahend. 

(a) 3 + 5 = (h) "8 - "5 = 



(b) 3 + "5 = • . U) - 7 = 



(c) 4 - 3 = • ' (j) "3 - "6 = 



(d) k - "3 = - (k) Ik + -Ik': 



(e) 6 - "12 = (1) 7 - 7 = 



9 

(f) -8 + '7 = r (m) ""9 + 9 = 



(e) > + 7 = , (n) "9 - "9 = 
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MiltiplylDg and Dividing vith All -the' Integers 



Because you can think of multipHcation as repeated addition, you 
know that: 



"3 + -3 y-3 = 



so 



3 + "3 + ;3 / "3 = 
3 + "3 +."3 "l "3 = "12' 
^ v "3' - "IS ^ 



With integers, just as with whole numbers, it doesn't make anjr 
difference in which order you multiply two numbers. So you see that 
since ^ • "3 = "3 • ^ ^ and 1^ • "3 = "12 , it must be true tljat 
-3.* ^ also is "12 . 



1- 

2. 



Class Discussion 
When you multiply two positive integers, the answer is 



When you multiply a negative integer by a positive integer, -the 
answer, is. ^ . 

3. When you multiply a positive integer by a negative integer, the 
answer is _ 

When you multiply two negative integers, the answer is 



In Chapter 5 yoia learned that the answer, in Question if, J.s "positive". 
You found tlji's out by graphing the "doubling" .function and by making a 
multiplication table. You may have found it hard to believe, however. 

Now let's make this clearer and a*t the same time learn how to divide 
with negative integers-. 

In all your work with numbers, you have found that a number may have 
many different names. The n\miber 12 , for instance, may be named using 
addition (9^+3) , subtraction (13 - l) , multiplication (6 X a) , or 
division^ (— ) . However, each one of these names "belongs to" the number 
Q^^ * yo^ want^^ name some number that is not 12 , you can't 



call it 9 + 3 > because 9+3 is always 12 
if this were not so* Think about it*) 



(it would be very awkward 



erIc 
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Xo^also know that multiplication statements about numbers can be 
rewritten as division statements using exactly the same numbers, 

12 

^ = 12 - I- so must be k 
3 • "i^,= "12 * so must be ' ^ 



'3 • ^ = "12 so — must be 



3 

The answer to this question 

"3 • = ? 

can't be "12 , ^because then we would havie to say that 

3 ' . 

"12 ' 
and in that case would name two different numbers^ k and "k 

"3 

We know that this can^t be true^ so 

"3 • •= 12 , 
• and ^ 

From the last problem^ you are ready to fill the blanks in these 
statements. 

5. When the integers you multiply are both positive or both negative^ 

i 

the answer is . 

6. Vniep you divide integers that are both positive or both negative, 
the answer is 



7. When you divide integers, if one ,16 positive and the other is 
negative, the answer is , . 



82 



Scercises 



1, 
2. 
3. 
l^. 

5. 
6. 

7. 
8. 

9. 
10. 



7 • 15 = 

105 

"8 •* 2 = 

2l6- 
2 ~ 



-27 
-3 



30 
-5 



•12 
12 



3 = 



*6 = 



9 = 



11. 

12. 

13. 
14. 

15. 
16. 

• 17. 
l8. 

19. 

20. ± 



"ll)-' . '1^ = 

-8i - • 

"64 



19 = 



A8 

-12 



28 = 



15 • 

-625 
25 

900 
30 " 

169 ' 
13 " 



15 = 



Do your vork in the space at the^right, 
21. 



~2 



22. 
23. 



"25 ''^ = .- • 



513 



25. "54- « "13 
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Anoih.er Look at Rational- Numbers 



Now that you can divide both positive and negative integers when the 
answer is an integer^ you can apply what you know to other rational nujnbers. 



1 1^ 



and- 



Class Discussion 
-16 

~r = • 



The integer named by both an^d is the same. So you can 

say that 

16 -i6 

Parentheses ( ) mean, "Do this first". If you have a problem 
like 3 + (^) = ? , you think, " ^ = I , so I add 
3 + i = 7 ". ' - 

We use parentheses i^ the same way with the raised dash gn'^the 

outside: "( ) In this case^ you think, ' "Take the opposite of 

/ * 

the number that is inside the parentheses." 



You see that 



"16 



l6 



and 



Therefore, you know that 



so 



and ^{^) are all' names for _ 



16 



2. Rewrite each of the' fo^lo 



ng as a fraction in two different ways* 



The first one is donevfor lyou. 



(a) 



1 



(b) -I 



(c) 



(-3) "(1) 



12 

2 

_6 
■3 
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Although we know that a negative rational number can be named in 
the ways we^ have discussed^ it is often in^jortant in solving problems 
to use only one certain way. For instance, you have added rational 
numbers like this: 

6 6 _ 6+6 
■3 3 " 3 
12 
"3 

^ k . 

6 6 

Suppose, now, you must* add ^ + _ . of course, in this 
problem you could use the integer name for each number and add: 
2 + -2 = 0 . 

Let^s see how you can do it using the fraction names • ^ 
3 -3 • 

What denominator would you use? Instead of writing — . 

"6 . -3 ' 

write ~ , and then you can find the answer in the usual way. 

6 -6- _ 6 + -6 
3 3 " 3 

- 2 

3 - ■ . 

= 0 

3. Show how to rewrite each of the following problems so that the 
denominator is the same. Then find the answer in simplest form- 
1 . 1 _ + -9 + T 



10 -10 
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* 

Another kind of problem comes up when you try to compare two rational 
numbers ♦ .Let*s recall what you did with positive numbers in Chapter 6. 
Example , ^ and ^ 

k ^2^ 



k is greater than 2, so you know that i is greater than ^ ♦ 

k 

Let's try this method to coinpare ^ ^ which is another name for 
2 

, and ::rr > which is another name for . 



-1 

k i 

You know that^ 2 is greater than 2 , so 2 ^ 
Howelrer^ if you wi*ite 
"If 




it looks as if it were the other way around^ because is less 

than k . ^ 

2 "2 

You get the correct result when you rename as ~ . 




To avoid mistakes when you work with fraction names for negative 

numbers^ wfite the negative symbol in the nvtmerator rather than 

^a 

in the denominator. The form used should be -^g- • 



(a) % 



M '4--. ; ... 

li " hj^ ' ** li. 

(c) Therefore^ o = "^^^ • is the name of a positive rational 

number. Certainly ybu would use ^ instead of ^ 

i 1^ -If . 

if you were going toj add: 2' ^ ^ ' 

^ k k ' J k k 

'2^ 2 ~\ 2 

p - 

= k . 

86 ■ 



l3-3c 



If you want to compare — and you could write: 




k is greater than ""8, so it looks as if ^ is greater than — 

But this is impossible, because ^ =' and ~ = and '2 

is not greater than h . If.^you use the name j instead of — , 
get the right answer: 




To be sure you get the right answer 'in such problems, write all 
rational numbers which are positive without any negative symbols. ^ 



Write ^ , not ~ . 



'87 
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Exercises ' . _ 

Compare these rational numbers,' Eewrite the fractions if necessary- 
Then put < or' > in the blank. ' ~ > . 

ra^ 3 ' 



■5 -3 



2_ 

"3 



Use what you kJ3tow about rewriting rational numbers to find the sijmis 
of the two numbers in each problem below. Give your answer iti 
simplest form. 

Example , ^ + ~ = ? 
55. 

^ ' <■ 

5 "5 " 5 T 

'2 + 'h ' ^ 



5 

'A 
5 



(answer) 



( 

88 
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Multiples 

Much of what you can -do with any kind of number depends^ on what 
you know about whole numbers. You depend on the whole numbers to help 
you wor^ with rational numbers. Learning about mxiltiples of whole 
numbers, for instance, will help you add rational. numbers. 

Your multiplication table for whole numbers can also be called 
a table of products, because it tells you the- product of any two numbers 
from 0 thorough 30 . We can use still another name for this useful 
table. It -is a table of multiples / 

If you multiply two whole numbers, the result is a multiple of each 
of them. 

You get Ik when you multiply 2^ by 7 ^ so ik is a multiple of 
2 and a multiple of 7 . 

You also get Ih .when you multiply 1 by l^i- , so l4 is also a 
multiple of 1 and a multiple of ih^, 

As you see, ih is a multiple of four different numbers: 1,2, 
7 ^ and l4 . ' • . . 



Discussion 

Look at the "3" row in your multiplication table. On the first 
page, ydu see 

0 2 h 6 8 10 12 lil; ' l6 l8 20 22 2h 26 28 30 
Each of these numbers is a multiple of ' 2 , because ^ 




0 


= 2 X.0 


2. 


= 2X1 


if 


= 2x2 


6 


= '2x3- 


8 


= 2x4 


10 


= 2x5' 


>^ 


so on. 




89 
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On the second page^ you find the multiples of 2 that you get from 
multiplying 2 by eaQh number from *l6 to 30 • 

1. ', The multiples of' are all even numl^ers. ^Tf your table had 

f - I ^ 

a third page, ypu could find mxe multiples of 2 . The next 
multiple' af^er 6o is 62 . 

2. Which mill ti pies of 2 come after 62 ? 



What multiple of 2 do you get when you multiply 2 by kOO ? 

What multiple of 2 do you get vhen you multiply 2 

by 10,000' ? ______ What multiple of 2 do, you get when 

you multiply. ^2 by 3,000,000,000 ? 

As you know, there is no last or largest whole number, so there i'S 
jcio last or largest multiple of 2 • ^ 

List the first ten multiples of 3 • 



5. List the first ten multiples > of 7 



6. List the first ten multiples of 5 



7. The number that appears in every row of multiples is* . 

Because any number times zero is zerO) it is a multip!t.e of every > 
number^ and because it^s always in the list^ we usually donH 
bother to write 0 when we list the multiples of a number • 

8. Aft^r 0 , what is the first multiple of 1^ ? 

9. After 0 what is the first multiple of 2-? Of 3 ? 



Of ^ ? Of 5 ? ' Of l6 ? ' Of 29 ? 



10. The first multiple of any number is the . itself. 

Every number is a^ itself. 



Now look through your table carefully, 

11. ' How many times do you find the number 2 as a m^lltiple? 



12. The number' 2 is a multiple of only tvo numbers^ 2 and 

13' How many times do you find the number 3 as. a multiple? 

3 is a multiple of only two numbers, and 

Ih. ' In Chapter \y you learned about prime numbers. 2 'and 3 are 
prime^ numbers, . They are multiples only of themselves and 1 . 
List .five other prime numbers from your tabl^„ (Note: They 
are numbers that appear as multiples e^dtectly twice.) 



>^ r Exercises 

1. Draw a ring around each number that does not appear at, all on 
the first page of your table. 

31 ' 33 37 39 ^3 ^7 ^9 51 53 57 59 

' 6l 63 67 69 71 73 77 , 79 81 83 87 89 

2. ' You have circled the prime ^nu3?ibers between 30 and 9Q • Wi^ite 

each number 'th^t you did- not circle and show that it is a multipl 
of two riumbers besides itself and 1 . * ' . 

, Example. • 33 = 3 x H 



3. V/hat number is a multiple of eveyry number? 



It-. . Show that 2k is a multiple of 1 , 2 , 3 , , 6 , 8 , 12 , ani 



5. 



2k . 








= 


1 X 


(b) 


2k = 


2 X 


(c) 


= 


3 X 




2J^ = 


k X 


(e) 


2k = 


6 X 


(f) 


2J^ = 


8 X 


• (g) 


2k = 


12 X 


(h) 


■ 21^ = 


2J4- X 


Shov that 


.16' 


(a) 


l6 = 


1 X • 


(b) 


i6^ 


2 X 



(c) i6 = X 
id) i6 = 8 X 



(e) l6 = i6 X 



6, ' Show that 12 is a multiple of 1 , 2- ^ 3 Ji- ^ 6 ^ and 12 



7. 





.12„ 






i^) 


12' 




2 X 


(c) 


12 




3 X 


(d) 


12 




X 


(e) 


12 




6.x 


(f) 


12 




12 K 


Show that 


15 


(a) 


15 




1 X 


(h) 


15 




3 X 


(c) 


15' 




5 X 


(d) 


15 




15 X 



- 

CoBanon Malt i pies ^ ; " 

.In yoiir mult ij^li cat ion, table^ the numbers in the *"1" row are just 
like the numbers at the top of the table. From this you know that' 0 
is a multiple of 1,1 is a multiple of 1 > 2 is a ^multiple of 1 ^, 
3 is « multiple of 1 , an4 so on. Every whole number is a multiple 
of 1 . 



Class Discussion 

1, (a) A number that is a multiple of . is called an ^ven number, 

(b) Even n\imbers are numbeqrs which have, as their last digity , 



or 



ic). List the first ten multiples of 2, . 



2. List thfe first ten multiples of 3 . 



3. ..Which numbers are 'in both lists f ' ♦ 
^ ^ ' , " and 

Because these numbers are common to 'both lists, they are called 
common multiples of 2 and 3 . .What is the smallest common multiple 

of 2 and 3 ? This is called the least common multiple 

of 2' and 3 and is usually^ shortened to L.G.M. * 

* Ev^Try common multiple of 2 and 3^ is also a multiple of 6 . 
Is there a greatest common multiple of 2 and S ? ' 

h. Is 2k a common multiple of 3 and U ? What is the 

smallest number that is- in both the. "3" " 3row and' the row? 
The'L.C.M. is 



. * 93 



.Suppose , you want to find a common multiple of tvo numbers like 6 
and 6 when you don't have your multiplication tables with you. The 
adding method is an easy. way ♦ ' 

Write down, both numbers. . ' • 

>.. 

6 is less than- 8 . Add 6 to 6 . • 



6 ' C8 
(6 + 6)=(f2) 



Look at the bottom numbers . 8 is less than 12 . Add 8 to 8 

6 8 

(6 + 6) ?(f2) @= (8+8) ^ . 



Compare -the bottom numbers again. The one in the 6 column is 
smaller than the one in the 8 column. Add 6 to 12 , ' 

' ' . 6 8 

(6 + 6) =12 @= (8 + 8) 
(6 + 12) =@ 



Compare. l6 < l8 , Add 8 to l6 , 

6 8 . 

(6 + 6) =12 ■ 16 = (8 + 8) 

(6 +.12) =@ @)= (8 + 16) 



Compare. l6 < 2k , Add 6 to l8 . . 

6 8 , 

(6\+ 6) =12 16 = (8 + 8) 

(6 +.12) =l8, @ = (8 + 16) 
(6 + 18) =(2^ 



2if = 2^4-- ^ so 2h- is a common multiple --in fact^ the least common 
multiple of 6 and 8 . All the coirbon multiples of 6 and 8 
' are multiples of 2k ; that is^ 48 ^ 72 ^ 96 , 120 , ikk , etc. 



9k 
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Use '.this method to find a comnqn multiple of 9 and X2 , 

' . 9 12 • 
(9+9) = ; = (12+12) ( 

. (9 + _^0:= - ^(4.2 + ) 

The least common' multiple of 9 'and 12 'is ' : All of - 

the common multiples af 9 and 12 are mxiltiples of 



Exercises 



Find the least common multiple Tor each pair of, numbers, (You do 

not have to write (lO'+ lO) ^ etc,, at the side to show what you add.) 

(a) 10 15 



L.C.M. is 



(b) 8 10 



L.C.M. is 



(c) . 15 20 



L.C.M. is 



(d) • 9 • 15 



L.C.M, is 



95 



10 ■ 



(e) 



12 
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(f)- 



L.C.M. is 



L.C.M. is 



(g) 



21 



14 



L.C.M. is 



2. (a) All Of the comon multiples of 10 ^d- 15 are also multiples 



of 



List the next 3 common multiples of lo and 15 . • 



(b) All of the common multiples of 8 and 
of 



10 are "also multiples 



(c) Give the first three common multiples of 9 and 15 



ERIC 
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Class Discussion 



If ycoi use the Adding method to find the least common multiple of 
2 'and 8 ^ it goes like this: 

28' • ■ • . 

• 2 < 8 , so you add 2 ' to 2 . ' . ' 

28 • " . . • ■ 



k < 8 ) so ybu add 

2 

' 6 

6 < 8 , so you add' 



8 



I 



2 8 

' k ' 

' ' 6 
8 

You now have 8 = 8, and you know that the L.C.^. • of 2 and 
is 8 . 

It is easier to use a different method to find the least 
common multiple of 2 , and 8 . 1 

You have probably realized that if, in a pair of numbers , one 
of them is a multiple of the other, then the larger - one U the 
least common multiple of the pair . ^ 



The least common multiple of 2 ^d 8 is 
is a multiple of 2 . 

The least common multiple of 12 and 6 is 
is a multiple of 6 . 

The least common multiple of 20 and k is 
20 is a miatiple of . 

The least common mxiltiple of 8 and 2k is 
' is a multiple of 



because 

r 

_^ becaus*e 

^because 
because 



97 
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Now let's use the adding method to find the least common multiple 
of 5 and 7 . 

5-7 



The least common multiple of 5 and 7 is y but 

5x7= I 

What is the least common multiple of each of these pairs? 



2 and 


3 ? 


(And 


2x3 = 


2 and 


5 ? 


(And 


2x5= ; 


2 and 


7 ? 


(And 


2x7= ; 


3 and 


5 ? 


(And 


3x5= ) 


3 and 


7 ? 


(And 


3x7= ] 


What special kind 


of numbers are 


2 , 3" , 5 . and 



When you want to find the least cdmznpn multiple of tvo prime 
numbers ^ the easiest way is just to multiply the tvo numbers. 

In the pair of numbers 9 and \ , neither nvimber is prinfe. / 
Find the least common multiple of 9 . and h . / 



The least .common multiple of 9 and ^ k is 
9 X h = 



y and 



13-5f 

To see why this happens, think vhat prime numbers are multiplied 

together to get 9 and to get h . In Chapter k you learned that the 
« 

prime factorization of 9 is 3X3 and the prime facto;rization of 
k is 2X2. The numbers $ and h do not have any factors that are 
alike, so we say that they are relatively prime > That is, they are not 
prime themselves, hut they are pilme in relation to each other. Relatively 
pilme ntmihers do not have any common factors except 1 . 

. On the other hand, 9 and 12 are not relatively' prime because 3 
is a factor of both. 9 = 3X3 and 12=2x2x3, so the least ' 
common miultiple of 9 and 12 is not 9 X 12 , 

The L.C.M. of 9 and 12 is 2 X 2 X 3 X 3 = 36 . 

E5cercises 

For the following pairs of' numbers, use the method that is easiest for you 
to find the least coimnon multiple. 



1. 5 and 10 

2. k and 12 

3. ■ 3 and 4 
k. 8 and 9 

5. 9 and 24 

6. 2 and 9 

7. 15 and 18 



L.C.M. 



L.C.M. 



L.C.M. 



L.C.M. 



L.C.M. 



L.C.M. 



L.C.M. 



8. 7 and 9 



9. 16 and 12 



L.C.M. 



L.C.M. 




10. 10 and 2k 



•11. 11 and 3 



L.C.M. 



L.C.M. 



ERIC 



12. Ih and 21 



L.C.M. 
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* \ 

Adding Rational Numbers 

Now you'vill use common multiples to add any tvo rational numbers^ 
even if their denominators are not the same* 



Class Discussion 



?/hen you add ^ + ^ ^ you write ^ ^ = k'^ ' ^ ^^^^ 
simplify your answer if possible^ like this: 

1 1 1 + 1 
2 

^1 

2 . 

1. To make sure you remember how to add rational numbers^ find the 
sums for each of the problems below. 



- — 2 (Simplify your a^^swer: > ) 



5-^-8 8" 



(Simplify your answer: " « ), 



100 
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\ 



In Chapter 1, you saw that sometimes you had to use a different 
name for a rational number in order to a'dd it to another number. 



/ Red 


Yellow\ 


I 




\ Blue / 



In this spinner^ P(red) = 
P (either red or blue) 



and 



P(blue) = i 



you did not know how to add 
so you used a different name for ^ 



To find 
2 *^ ¥ > 



You saw that P(blue) 



could be Vritten as 



2 1 

5 ^¥ 



so you added 
+ 

— U 



So, P (either red or blue) = 



101 
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3. 



Here is a flow chart you may use to add any two rational numbers. ' 
Use inputs of | and | and show the output below. 



-Output : 



3 3 
8 ' ^ ' 




F-* — a • d 



S * — b • c 



<3r 





■F + S 







a c N 
b ' a ' D 



ERIC 
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You ^aVe added + | found that the sum is || , although 

,is not in siinplest form. * ^ 

You can see how this was 'done It you rename ^ ahd ^ • 

8 ' ~ "32* VWJ^te zne numerator; and ^ • ^ ^ 

, numerator)* 



36 



36 
55 



- • - - (write the numerator) and ^ • ^ = (write the 

So you add 

4 



12 2k 
32"^ 3? 



32 



Now yoji .can see how to use common multiples. When you add 
two rational numbers, they must have the same denominator. The problem, 
then', is to f^6d some common denominator and use it to find new names 
for the numbers', 

/ 

When you multiply any two numbers together, th< answer is a 
multiple of each of them. In the box 



b ♦ d 



you got a copnon dencaninator by finding a common multiple of the two 
denominators, 8 and k . 



f 



In 



a • d 



first number. 



you were completing the job of renaming the 



8 - k = (32 



8 -32 



In 



■b • c 



you were renaming the second number. 



3 8 



3^ 



N-*— F + S 



Finally, . you found the numerator of your answer: 

.12 + 2k (36) ^' 
'° ^ . -IT- = 1r • . , ^ 

As you saw, the output wa6 not the. simplest form of the answer, because 

36 _ 



9 
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Can you get the simplest fom of the answer by some othear method? 
' Look at the denominators *of ^ and ^ * 8 is a 



of 4 ^ sa the least common multiple of 8 and h is 



8 . 



3 

You can rename ^ so that the new fraction has the denominator 
^ = — g — (vrite the numerator) 



Now *you can add . 



8 



8 

Is your answer in simplest form? 



5. (a) Use the flow chart to find the answer. 

2 + 1 - 



(b; Is the output J - ^ in simplest fom? 



(c) What i-s the least common multiple of 3 and 6 ? 
2 

Rename ^ : 

^ 2 . . ' 



3 5~ ' 

(d) Do the problem the usual way^ using the new name for ^ 

k 1 + 
5 = -T" 



6 

(e) Is your answer in sinple'st form? v 



6. (a) Use your' flow chart to find the answer: 3 ^ ~ 

(b) Is your answer -in simplest form? 

(c) V/hat Is the least common multiple oJ^. 3 and ^? 



As you see^ someiimes your flow chart gives you the answer in simplest 
form and sometimes it doesn*t« 

■ 16k 

■ '. 110" 



2' 5^. 



7. (a) Use the flow chart, to add:* + 



(b) Siniplify your answer. 



/ \ 2 h 

(c) Since — = ^ ^ you can write: 

^ " — 5^ — 



(d) Ts. this answer in simplest form? ^ 

- (e) Sin?)lify it, .'^ ^ ^ " 

> * 

You may not alyays get the'^answei* in siioplest form even when youA 
use the least comnon denominator, "but you are more likely to do so thah 
when you use the flow chart. > 



- Exercises. 

• - ■ • 

•li^e the flow chart or find the least, common denominator to find 
the sums , in the following problems. Write. your answers in simplest form. 
You may want to use both methods a few times in ordfer to check your answers 

1 ^\^r^ '- ' g' 5 . '2 _ • 




2. ^-^^^ . ' -^''-i'TB 



105 



•11. .^.1 = 



2 12 
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5 . 



4 



ic; a. 3 _ 



16, ^3 , 



' 17... =■ + 



18. 



19. 



_l_ 
10 



1 "1 
5-" 3 



. 3 . . 



5 10 



20. 



5 + 5 
2 ¥ 



106 



' ' , . ' ^ ' ' 13-7 

Subtracting Rational Humbers 
• .» ' .* 

When you have a subtraction problem using rational numbers^ you 
rewrilje the problem as/an addition problem and add the opposite of 
the subtrahend.! • ■ - 

: .. ' -2,-1 

2 '+ • 



1 



So 



1-1 1 
2 - J - If 



Exercises • 

Rewrite each subtraction problem as an addition problem and find 
the answer. You may use your flow chart if you wish. 



1. 



2. 



5 1 
B. - 2 



3 1 
^ " 3 



3- 2 - S 



\ V, 
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6> 



1 1 . 
^ ■ 3 



7. 



1 "1 
H - IB 



8 5 1 



10. 



5 2 
^"3 



7 1 
H - 2 



12. 



7 3 
8 
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Rational Numbers That Are Powers of Ten , - 

In Chapter k you saw that 10 means 10 X 10 , and 10*^ means / 
10 X 10 X 10 , or 1000 . We can put this information in a chart. 



10,000 


1000 


100 


10 


1 










10^ 


io2 


10^ 











In the first row of boxes, each number is ' 10 times the one to 
the -.right of it. ' . 

' • ■ • ' 10 = 10 X l. 

100 = 10 X 10 

1000 = 10 X icio 

. ■ >■ 10,000 = 10 X 1000 

and so "on. 

As you do the exercises beloW'you will fill in. the other boxes of the chart. 

Class Discussion 

1* (a) 1 is 10 times what number? 

Jn the chart above^ write i in the box^to the right of X . 

If you don't know^ think of the way multiplication a^nd division 
are related. That is: 

3 X 8 - 24 / so ^ ^-a^ 

In the problem^ ^ ~ = 10 X 1 ^ you can find the answer by 
dividing ^ hy 10. Remember that when yCu divide you jugt 
multiply ty the reciprocal of the divisor^ so 
" ' ' i ' ^ • ' 

■10 10 10 



Therefore^ ^ = 10 X 

Write -~ In the box to the right of . , ^ . - - 
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(c) 1^0= 10 X 



Write in tlie box to the right of ' ' 



\ 

Now look at the second^ row of boxes. Each exponent is 1 greater 
than the exponent of the number to the right of it. 

1^ i@ 1^ 1^ ' . ' ■ 

Also^ notice that the exponent shows how many zeros there are' after 
the 1 in e'ach number* 

(a) You can write the other jiumbers from the top' row as powers of 
ten aleo. What exponent do you think will be used for the 
number i ? 

Mathematicians agree that 10^ = 1 . 
Write 10- in the box below 1 . 

(b) ' 0 is 1 greater than what number? 



We agree that 10 is another name for ~ . Write 10 
1 

in the box below . Notice that the "1" part of the exponent 
. shows how- many zeros there are in ' . The negative symbol 
shows that the 10 is below the bar in the fraction, ^ . . 

(c) What exponent will^ be used with* 10 to show ~- ? 



Wi-ite 10 ^ below ^ • 

100 ♦ 

(S) What power of 10 is ? 
Write * 10 ^ below 



1000 



Using exponents makes work with powers of 10 very easy. You 
know that 10^ X 10"^ = 100,000 X 1000 

= 100,000,000 . 

You get thl6 answer easily by adding the exponents 5* and 3 . 

10^ X 10^ = 10^*^^ ^ \ 

=10 (Write the exponent.) 
110 
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DiviBion is also easy with powers of 10 * To divide 10^ 'iSy 10^ 
100000 

you can write — j— - = 1000 or you can just subtract the exponent of 
the divisor, 

1(_ 

"2 



10 



= 105-^"2 



= 10 ~ (Write the exponent.) 

This is especially helpful -In problems ^like 100^000^000 divided by 

1 . - ■ , 

•1000 ■ ^ " 

The " old " way^ " The, " exponent " way 

^^^'f^'Ooo ^ 100,000,000 x 1000 = io^-"3 

IQOO (multiply by the reciprocal 10 ^ r^ 

of the divisor*) = 10 

= 100,000,000,000 

= 10 

' , (Write the- 

exponent.) 



Exercises 

1, In the following problems, use the method of adding or subtracting 
exponents first. Then^ at the right^ check your answer by doing the 
problem without exponents. . ' ^ 

Example , ^ - 

10 X 10 ^ = 10^+ 1 and 100 x^i = lo ^ 

10 

^ 10^ 

(Check: lO"^ = 10 . ) 

(a)' 103 X 10^ = _____ and . x = 

(check: = , ) 



■ 111 



(b) 10^ X 10 ^ = • ' and 



/ 



X 



(Check: 



(c) 10 ^ X 10^ = . and 



(Check: 



(d) 10 ^ X 10 ^ = 



and 



(Check: = 

Ke) jj- = and 100,000 x 10,000 

10 — 



(Check: = ^ . ) 

(f) ■ = J • ' and X 

10 "^"i • — 



(Check: = \ 
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Decimals and Powers of Ten " • ^ ^- ^ 

^ - In Chapter 10 you learned how to re>n:lte fractions as decimal 
nmerals. If a fraction has a denominator that is a power of lO , 
there are just as many decimal places in the decimal niameral as there 
are zeros in the denominator. ' ^ 

Class Discussion ^ 

Since another name for ~ is lO"-^, and - •! ^ you can see 
that 10 ^ is, also a name for .1 . - 

^-2 1 2 
Since 10 = , you can see that lO" is also a name -for 

= (decimal numeral).! 13ie digit 2 in* the exponent "2 tells 



the number of decimal places i|i the decimal numeral. 




ERIC 



111* 



Power oi 10 
• 10« . 



L0^<. 



■ 10 



10 



3 ' 



Finisli this chart. 
Decimal Numeral 
1,000,000. 




iO'. 



Fraction 



10 



10 



r 



10 

i 

100 



10 



1,000 



115 
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(Of course you can vrlte all the decimal numerals as fractions 

using a power of 10 as the denominator. For instance. 1 = or 
100 . 1 X . ^ 10 

100 °^ T 

To multiply 100, OOQ -^by .001 , you can use the decimal numerals 

- ■ ♦ 100,000 / 

.001 



looToQo 



Yoti can use the fraction form: 



100,000 X 3— _ -3-^ 



Or you can use the exponent form: ^ x lO"^ = 10^"*"'^ = 



Using exponents is especially helpful when you have very, small or 
very large numbers: 

1,(X)0,000 X 1,000,000 = 1,000,000,00(5,000 

or 

10^ X 10^ = - . ^ - 



.00001 X .000001 = .00000000001 

10"^ X 10'^ = ' .r 



\ 

You can use exponents when ydu divide by a power of 10 written 
as a decimal numeral. • . . * ■ • . 

f 

T^o^i«,oT -Pr.^. 100 100 ^ 10,000 " ■ 
Decimal fom: ^ = x ^^^^ 

, 1,000,000 

= 1', 000, poo 

10^ ,^2 - "4 



or exponent form: \ = 10 

io" 



2 + h 

10 



116 ^ 
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ercises " > 

1. • Rewrite each problem below using, exponents with 10 
answer with an exponent. 

(a) 10,000 X .0001 = . * ■ X • 



'Write your 



(b) 100 X* 1^,000 



(c) .001 X .01 



X 



(d) ".cfeoOl X .0000001 = 



(e) X 1000 



(f) 



.1 

1000 



10,000 



(g) 



^10 
.001 



f-^,\. .ObOl 

(h) 



r = 



X 
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•f •■" 

,4 - 



^2. Rewrite,. each probleni below usin^ deciinai' nuinerals. Write the 
^ answer as a decimal nuineral.. - - " 

(a) 10^ X 10^ = • V . 



(b) 10 ^ X 10 ^ .= 



(c) 10^ X lo"^ = 



(d) .lO^X 10 ^ 



1X8' 
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« 

Scientific Notation ' . ' 

Scientists often have to use very large or very small numbers'.' 

They .need very, large numbers vhen they talk about the distance to the ' 

stare and 'they need yery small numbers when they talk abput the size 

' of an atom;-^ Some of these numbers^ when written down^ require a great 

' ^* • • ' " 

• many zeros.' Writing a great many '2leros is not only a lot of trouble but 

it also can,3,ead to mistakes." If you' have to multiply a number with 

^ many zeros^. it is qasy to write one too many or one too few and get the 

wrong answer. , • ' . 

• • ' 'J 

- < ■ ' 

/ '.i^ For example, light travels at a speed of about 186,000 miles per 
/^ gecond l 'The distance of stars from the earth is measure-d in light years 

or the distance ligirt travels in a year. This is a very large number 

indeed . - ' . 

To find out^ in the usual way^ what a light year is^ we first • 
multiply 186^000 by ' 6o to find OKtThow far light travels in 
1 minute ; / 

18^00 , ' 

^ ' * X 6o 

11^160,060 (miles in '1 minute]^ 

* • *^ 

We multiply ll,l6o,000 by 60 to find how far light travels in 

one hour: 

' ^ , 11,160,000 

669^600,000 (miles in 1 hour) 

We multiply 669^600,000 by 2h to find how far it travels in 
one day : ^ - 

669,-600,000 

2 678 400,000 

13 392 OOP 000' 

16,070,400,000 (miles in 1 day) 
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Last, ve can miltiply l6, 070, 400,000 by 365 to find how far 
light travels in one year ; 

16, 07pj 400,000 

X 363 

" . 80 352 000 000 

96^ 22if 000 000 
4 821 120 000 000 



5,865^696,000,000' (miles in 1 year) 

Suppose you wanted to find the distance in miles of a star that 
Vaa ^92 light years avay from the earth. Think how many zeros you . 
would have to write in multiplying 

, 5,865,696,000,000 X 492 . 

(We wonj.t do this here I ) 

Because'it is so clumsy to work with so many digits, scientists 
'use powers of. 10 to ijake their work easier. / . . 

• * _ ,1 

" . ' ' ■ Class Discussion 

1.' You' c^n think of any number as ,10 times some other number. 

-35 = 10 X 3.5 

. ■ - .^.9 = 10 K>-89- ' .. 

36.k = 10 X 



You can think ot any number as 100 times another number. 



650 = 100 X 6.5 
785.7 = 100 X 7-857 

966.1^ = 100 X 



3. You can think of any number as ~ times another number. 

.1561 = X 1.561 , 
.20723 = ^x 
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^ In scient ific notation, every number is vritten so that Ibere is 

only one digit to the left of the decimal point in the, number to be 
multipried by a povrer of 10. (Naturally, you wouldn't write 1,000,000 
as 1 k 10 or 5 as 5 X 10^ . You'd just write 10^ and 5 .) 

This is not as complicated as it sounds. Let's go back to the 
light year problem, and let scientific notation l^elp us do the work. 

To begin with, we write l86,000 as 1.86 x ? .To 
find out what power of 10 we need, we start at the right of l86,O00 
(at the decimal point) and count back until there is just one digit left. 
That is five places, so l86,000 = 1.86 X 10^. 

To niultiply that number by 6o , we write 6o as 6 x 10"^ . 

186,000 X 6o = (1.86 x lo^) x (6 x lo"^) 
= (1.86 X 6) X (10^ X 10^) 

because it doesn't matter in what ordei- you multiply. 
Then multiply 1.86 by 6 ; 

1.86 
X 6 



11.16 



But 11.16 has two places to the left of the decimal point. We rewrite 
it as 1.116 X 10"^. 

Our ml las-in-one -minute number now is 

(1.116 X 10-^) X (10^ X 10"^) 

and that is i,ii6 x lo'^ (miles in 1 minute). 

Next we multiply that number by 6o to find how far light travels 
in one hour, but again we use 6 x 10"^ as the name for 6o . 

(1.116 X 10^) X (6 X 10^) = (1.116 X 6) X (lo'^ x 19^^) 
Then we multiply: ' ^ 

X 6 • 



6.696 



and we^-know the mlles-in-one-liour can be written 



o 

6.696 X 10 
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' ' ' 8 * ' 

Next 6.696 X.IO ' is multiplied by 2^^ to find how -far light 

travels in one day.. \- - - ' ' ' ; 

■ (6.696 X 10^) ,X (2. If X lO-*-) = (6.696 X 2.1^^ X (10^ X lO-*-) 

Multiply:" ^ ". ' 

6:696 

' ■•■ , X 2.k 



13 3920 



■ 16.0704 - 

l6.0T0'<- can be written 1.60T0i<- X lO"*" , so the. miles-in-one-day 
can be' written . .■ . 

(l.6070'f X 10"^) X (10^ X lO'^")* . or 1.60T0Jf X lO'^^ . 
' 'La^t^ we multiply by 3^ > which is 3.65 X 10^ . 
■ . ■ 1.60T0^f 

■« , 803520' 
96'f22JfO 

V " . k 82I12OO • • . . 

- - 5-8656960 ■/ *• V 




So a light year is 



5.8656966 X 10-^^ miles . 



Suppose we had found this number in the first place. How would 
we' know what it looked like in the usual form? To, change from scientific 
notation to our "regular" notation^ we just move the de,cimal point 
twelve places' to the right. Ve have to put in 5 ' .zeros to- .-do this^ 



and we ,see: 

5.8656960 x io-^^ = 5,865,696,000,000 . ., /'^H 



.12 - - 
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1. 



Exercises 



'.Use tlje flow chart on ^a'ge 13-lOe. to rewrite each number in 
scientific notation. Remember that every whole nvanber can be 
written with a decimal point after the ones place. 



Example ' 

'^&tep (a): 
Wh^ (b): 
Step (c): 

step (d): 



3. (See Boxes 3 and k in the flow -chart/) 

3-^506 ■ (See Box • 5 'in the flow chart.) 
You moved the point 6 places to the left. 

(See Boxes 6 and 7.) ' ' 



'Then 



(From Box 9- ) 



' ' 3^^50,600 = 3.^506 X 10 

Example 2 • ' , . 013^56? = - t ' * 

Step (a):; !• (See Boxes 2 and k.) 

Step (b): 1.3^67.- (See .Box 5*) 

You moved the decimal point'- - 2 places to the right. 
(See Boxes 6" and ?•) 

Then 



Step- (c): 
' Step (d): 

(a) 4350 = 



•013^567 = 1.3^567 X 10 (From Box- 8.) 
(^) ^^57, 000, 000 = • ■ 



(b) 2407.35 = 



(g) .00846 = 



■(c) .0001968 = 



(h) 99,452,760 = 



(<a) .045735 = 



(i) 38.4093 = 



(e) 574821.6.= . 



ii) .75369 = 



ERIC 
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Flow Chart for ^^riting Scientific Notation 

[arABT] 



13-lOe 



No /" ^ Yes 

— ^ — Is the number greater than 1 ? ^ 



Copy the first 
non-2,ero digit. 



Copy the first digit- 



Put a decimal point after it. 



Copy the rest of the digits to 
the right in order' until there 
are no digits left except zeros-. 



6 



Count the number of places 
between the old decimal point 
and the new one. ' 



J 



CDid you move the decimalX 
point to the left? y 



Yes 



Use. the opposite 
of th6 number 
from Box - 6 as 
the exponent 
with , 10 . 






: 




STOPh* 



I 





Use* the 


number 




from Box 6 as 




the exponent 


» 


with 10. 
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now Chart for Changing 
Scientific Notation 'to Ordinary Numerals ? 



( mm] 





■ ' '. 1 


look at the exponent vith 10. 


4 

1 


• 



No 



Is the exponent positive? 



Yes 



Move the decimal 
point that manjr 
places to the left, 



Move the decimal 
point that mar^y 
places to. the right. 




V 
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2., These members are .written in scientific notation. Use the flow 
chart on page 13-lOf to write them the usual way. ^ 



Example 1. 3^5 X 10"^ = ? 

Step (a): "3 (See Box 1,) 

step (b): .00|«cli-5 (See Box 2.) 
So .3.45 X 10"^ = .003^^ 

Example 2, 2.019 X 10^ = ? 

Step (a): 5 (See Box 1.) 

Step (b): 2;iO1900. (See Box 3.) 

So 2.019 X 10^ = 201900 



-5 



(a) 6.15 X 10 



(b) 1.001 X 10^ = 



(c) 5.1+92 X 10 = 



(d) 2.8875 X 10" 



(e) 9^^6264 X 10° = 



(f ) 7.3^85 X 10*^ 
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. Rational numbers on the Number Line 

Class Discussion v 

Take pages 13-lld and 13-lLe out of your notebook. 

The length of the unit segment used on each line Is the same. 

On line A , the unit Is divided Into hundredths'. Find the point 
that corresponds to ten* hundredths. Label It . Then find the 

points that correspond to , ^ , , and so on, and label them. 

Oh line B the unit Is divided into hundredths again. Tind the 
point that corresponds to^ ^ on this line. Label that point 10^ . 
Then find and label the points that correspond to 20^ 305& , kO^ 
and so on. 

On line C, the unit is divided into parts. Label the 

points ~ , ~ , ~ ^ and so on. 

On line D, the unit is again divided into parts. Label the 

ipolnts .1 > .2 , .3 , and so on. . ^ 

On line, E, the unit is divided into parts. Label the 

points ^ , ^ ^ ^ ^ and so on. 

Label' the points on lines F , G , and H to 6h6w vhat rational 
number each point corresponds to.' Do not simplify the fractions.. (That 
is, write | , | , 'etc. instead of i ,) 

Carefully cut along the dashed lines so that you have eight 
separate number lines. Keep line H apart for awhile^ but stack the 
others up on your desk with line G on top. 

Your teacher will give you three pin^ - Make sure the number lines 
are stacked up so that when you "stick a pin through the point labeled 0 
on line G it goes through the point labeled 0 on all the other lines, 
too. Leave the pin there. 
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^Stick another pin through the stack so it goes through the point 
labeled 1 on every nuinber line. 

Stick the last pin through the point labeled J so that it goes 
. straight down through all the number lines. 

1* Now cai-efully take out the pins. 

On line E , the pin went through the point labeled 



On line the pin went through a point between and 
5 and closer to • 

* 

On line D , the pin went through the point half-way between 
. and ' . 

On line C , the pin went through the point half-way between 
and . 

On line B , the pin went through the point half-way between 
and . This point corresponds to 

On line A , the pin went through the point half-way between 

' Label this point as ^a fraction with the 

denominator 100 . 

Stack up lines A through F .againj with F on top. Stick 
pins through the points labeled 0 and 1 as before. Stick the third 
pin through the point 'labeled ^ . Take out the pins. 

2. Show the point wherfe tiie pin went through the other number lines. 
A 

B . . 

- c . 

D 



E between and , and closer to 
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stack up the number lines vith A on the bottoia in 'this order: 
A,B^C,p,G,F, Stick pins through points ,0 and 1 • Stick 
the third pin through the point labeled. | . Take out the pins. ' 

3« Show where the pin went thr^ough the ^ other number lines, 

A halfway between ^ and (Write the numerators • ) 




B l)etween 

C between 

D between 

G halfway between 



and 
and 
and 



and cldsdr to 
and closer to 



and 



. Stack up an thfe lines with .H on top. Stick the third pin 
through the point labeled j . If you have been careful eveiy time, ^ 
the pin vent through a point not marked on. any of the other lines. ^ 

Show where the pin went \^through on each line. 



A between 

B between 

C between 

D between 

E betweeif 

F between 

G between 



, and 
and 
an^ 
and 
and 
and 
and 



Since the unit segment is the same length on each number line, you 
can use this method to find different names for some other rational 
numbers, too. 



er|c 
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«r Exercises 

Think of a. pin- going through each point named. Show where it 
goes throxigh each of thelnumber lines given. (Use the lines and pins 
if you need them. ) ^ . 

!• \ E: B: i_ j> A: 



2. I' . D: C: A: 

3 • ^ H: . half-way, between and 



G: C: B: 



h, ^ A: Bic . V 



F: half-way between and 
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J^frfc^opSt Decimals and Fercents 

' \ Suppose sc^body offered you a choice like this: 
' {!) You can have j of hOO dollars • 

(2) You can have .k x:^kbo dollars. - ' 

(3) You can have- kojo of '400 dollars. 
Which woiad you choose? 



You joiow it voulda't make any difference because | ^ .V , and 
to^ all name the same number. You would get $l60 no matter vhich 
you chos.e. " ' 

Any rational nuinber can be written as a fraction^ a deeifaiial numeral, 
or a per cent. ^ ^ .k and ^ ^ hOf> . 

In Caiapter 10 you learned how to rename fractions as decimals and 
decimals as fractions. In Chajiter 12 you learned that whenever a^ratio 
is written with 100 in the denominatoj?^, you are writing a percent. 
5^ = 50^ • Since you ^npv^h^t^^ = | , you know that = | . 
And si^ce | = .5 /505& = .5 . 

Class Discussion 

1* To rewrite a percent as a fraction^ the fir^t step is to copy the 
. number, leaving' off the ^ sign. Use this as the numerator of a 
fraction. The denominatpr is. ' ^ ' . 



75^ = 2S0 (Write the'Waerator.) 

20 ' " 

20^ =: * (Write the denominator.) 

62^ (Write the«'fraction.) 
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The next step is to siinplify the fraction if possible. 

3^ = § ^ ^ ^° 1§ = • (Write the fraction. ) 

-^ = igx -so 20 / 



100 " 20 . 100 

'■ 62 
100 - 2 ^ ^ 100 = 



To rewrite a percent as a decimal, write the percent as a fraction 
with the denmninator 100 . . 

3056 = 30 ■ 

(Write the denominator.) 

l^^Cfi, - — (Write the numerator.) 
~ 100 . 



55& = (Vfrlte the fraction.) 

Next, rewrite the fraction as a decimal numerai. 
30 

100 ~ 



100 



Sometimes a percent has a fraction or a decimal in front, of the 

^ sign. Here are two examples: 1 i 5& , .556 . Again, write a 

fractioa with the denominator 100 .. 

li . * - ' 

' 1 i «; - 2 

2 ^ - 100 • • • 

You know how to rewrite 1 i as a decimal. 1 i 



. li 
So -i2_^l^ 

°, 100 100 
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To divide "by 100 , you move the decimal point _J -places 

..t so 1.5 divided by 100 = - ' . Therefore 

~ ^ (Write-the denomi4iator. ) . 

Divide .5 by 100 . . 

4 '- • *% = (WFite the decimal.) 

Here are two ways to change a fraction to a percent. One way is 
to rename the fraction with the denominator ioo . 

i > • (Write the nimierator.) . , 

, . , . ? ~ 100 ■ ' . " ■ . _ 

Eewrite the , hew fraction as a- percent. 
100 " — > 

« 

For some fractions, the numerator of the new fraction may not be 
a-iwholfe numbef* ■, 

; 5 _ ^ ' 

H " IpO ■ ; • . , . 

•5 X 100 = .8 X . ' (Divide 500 by 8 .) 8)500.0 

o„ 5 62.5 ^\ - 

I = 62;5?6 or 62 . ■ 



Sm^pi^^B^'vhen you ^exme a fraction, you get a repeating decimal. 
^^This brings us .to -the second way to change a fraction to a percent, 
^ and this is a yay:*you can use with all fractions. 

^ You. 'imov that ^ ' is written .3 as a -decimal.- Since percent means 
. 'hundredths, you can divide the numerator of the fraction by the 
d^ominator;' lyut use only two places (tenths and hundredths place) 
to '^die.ri^t of the decimal point. 

' ■ - .\ • .33 I 

• To find J ; divide: 3jTTo5 . ■ _ . - 

So i= .33 1. or '-1^ or 33< ^ ^ • 

— ' . * * * 

; ,5. To change a deciinal to a percent,' write the decimal as a fraction 
with a power of ten- as the denominator. 

- * * (Write the denominatoi*. ) - • 

ITow reziame this fraction po that the denominator ^is ICX). 

' lOpO ^ 100 numerator, think 8'^ X 100 = 1000 X 

* - - A 

' . . 100. 

. ' So .875 ="-87 .55^ 

Eemember that when you rename a decimal as a percent, you move the 
decimal point two places to the right and put a percent sign: .375 = .w37.5^ 
■ and .2 = ^.<jl> . . ^ 
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Exgrcises 



nil in the chart below so thaf each line gives three different 
names for the same number.' 



X JL CIV* vXV^lI 


Decimal 


Percent 


1 

2 


.5 


505& 




1 




1 
o 








1 .375 










k 

.5 








,.o3 




2 
3 




* 






^ 1 V 




























.001 
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2, Solve these problems,, -Use the way that's easiest for 
(Remember that "of" means "times".) 



Exaiig>le . 
One way: 



12 i ^ of 128 = ? 

12,^^3 1600.0 
100 ^ 100 

= 16 



Another way: 



.125 X 128 = 16.000 
= 16 . 



A third way: 



= 16 



(a) 



of 60 = 



(1=) |.i'= 



(c) '25^ of 1^80 = 



(d) .375 X 72 = 



(e) • 605^ of 100 = 



(f ) 66 J i of ■ 150 = 



(g) .25 X .875 = 



(h) .39 X 200 = 
(i) 



276 . 
1 
2 



55 = 50^ of 



•: ■ 13-p-i 

Pre-Test Exerciaes 

a?hese exercieeB are lik« the probleij^ you wi^l have on the chapter 
test. If you don't Jcnow how ^ to do them^ read the section again. If you 
still don't understand^ as3t,youf teacher. 

1. (Section 13--1. ) ' ; ^ - 

Find the answer to these addition and subtraction problems. Use 
^ the line below eadh, subtraction problem tb rewrlte.it as an 

addition problem. ' ^ . . . • 



(a) k +6 = (h) if - "2 = 

.(b) 13 - if = 



(i) "6 - -9 = 



(c) 10.+ "8 = 



(e) - 7 = 



(k) "7 + "8 = 



(f) 3 - 6 = ; . (ij- -15 + 5 = 



(m) k79 + "i^79 = 



(g) "a + 5 = 



(Section 13-2. ) ■ . • 

Multiply or .divide as .shbwn. 

(a) k ' 6 = . * ' (e) "8 • 1^ = 

(b) 7 -"9= '■ (f) "5 • ".5 = 

(c) f (g) ^ = _ 



(d) i| = , ' (h)':| 
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13-P-2 



3. (Section 13-3.) 

Rewrite the nvmbers below if necessary. Then compare them, 
(Use < or >). . ' 

(a) Jl 1^ ' 

3 2 

/ V '1 2 
(c) ^ 

k, (Section 13-3.) ^ 

Eewrite if necessary and add. 

- (a) i^i = _ 



— , — 



5.' (Section 13-1^./ 
Fill the blanks. 

(a) Jhe nmnber ^ is a multiple of every nmaber. 

(b) Eyexy number is a itailtiple of • ' 

(c) The first multiple of every number is the • 



(d) , Every number is a of itself. 

(e) The first five multiples of h (except 0, of course) are 
; / , / arid ^ . - 

(f) . The multiples of 2 are called numbers. 

(g) T^fe first five prime numbers are , / , 

and . 

(h) Prime numbers are multiples of exactly ______ numbers. 



13-P-3 . 

4 

(Section' 13-5.) ■ - * • 

•Fill the blanks. , 

(a) ^ If^ in a pair of numbers, one of them is a multiple of the other, 

then the - number is th^ least commojji multiple of 

tbe^ pdir*. ^ 

(b) The least common multiple of h and l6 is . 

(c) The least common multiple' of two prime numbers is th|5 

- of the two. 
(a)' The L.C.M.. of 5 and 7 Is . 

(e) If two numbers have no common factors except 1, their 
' L.C»M. is •the ' of the two numbers./ 

(f) ,Th6 L.C.M. of 9 and h is . 

(g) The L.C.M. of 15 and l8 is 



(h) Every common multiple of 2 and 3 is also a multiple of 



(Section 13-6. ) 

Add the following rational numbers. (You may use the flow chart on 
Page 7 of your tables if you need it.) Use the space at the right 
for your work. 

w \*\ - 



I 



(=) i-^l . 



w - 



•(e) t■^-| = 



(Section 13-7. ) . ' 

Rewrite each subtraction problem as an addit,ion problem and then 
find the answer* Use the space at the right for your work. 



(n) 9 5 



1 



(Section 13-8.). 

Us© exponents to multiply or divide. 



(a) 10 X 10 ^ = 



- 10^ 



(c) 10^ X 10 ^ = 



ih2 



13-P-5 



(d) 



10 
10 



-1 



J 



/ ^ 1,000 
(e) , — ^ — 



100 ^ ^ 



/ 



if) 



10,000 10,000 



10, (Section 13-90 

Rewrite ^Scli problem using 10 and an exponent. Write your 
answer with an exponent. 

(a) 1,000,000 X .01 = X . . 



(13 ) - .'oOOl X .01 = 



X 



(c) '.pel X 10,000 "= X 



/,\ 100,000 

-:ooor 
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11,. (Section 13-10.) 

Write these numbers using scientific notation.. Use the flo^r chart. 
^ on page 13-lOe if you need it. ' . 



(a) 456,000,000 = 

(b) 297.457 = 



(c) ^001642 = 
■(d) 54600.7 = 
(e) .OQjB7523 = 



X 




12. (Section 13-11.) 
KLll in the chart. 




Inaction' 



Decimal Humeral 



Percent 



i3-a?.i 



TEap 



1. 



Addition and Subtraction. Use the line below the problon to 
rewrite it^^ necessaiy. 

'(a) 5 <"11 =N 



(t) If - 7 = 



(c) 



f 

"& + 16 



(d) 3 - "4 = 



(e) "9 - 2 = 



Multiply. 

(a) 3 -'9 = _ 

(b) ;i5 • "2 = 

(c) "8 • 3 = _ 

(d) If : "7 = 



ERIC 



3. Divide. 



(b) 

(c) 



"9 
"3 

8 



1U5 



13-T-2 

Find the L.p.M. of each pMf of numbers, 
(a)' 3 and 12: L.Cl^ Is ■ 
(h) 15 efnd 8: L.C.M. Is - 

(c) 9 and 15: L.CM. is * " 

Add^ Use the space at-^e right for your work/ 



Use the line below each subtiraction problem to rewrite it as an 
addition problem. Then find the answer. • The space at the right 
is for your work. 
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A 13-T-3 

Revrite the following using exponents. Use an exponent in yout 
answer. 

(a) 1000 X 1000 = X 



(b) .001 X 1000 = 



(c) 



(a) 



1000 



1,000,000 



_1_ 

10 



1000 



Write these nufiibers using scientif jlo notation. 

(a) hO.6 = 

(b) 27^^,820,000 = 

(c) .00006821 = 

(d) .00567 = 



nil in the. chart. 

Fraction > Decimal Numeral - Percent 



r 
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Check. Your Meipory ; Self -Test 

1/ (Sections 9-5 and 9-8*) 

b5 is tlie perpendicular Msector 
of AD * Therefore^ 

A ABC s A 

by-the 



property of 



congruence* 




2, (Section S-k. ) 

Usia3g the line segment below as one side^ construct 
a triangle vith all three sides congruent. 



(Section 9-7. ) ' • 

Us^ the triangle, you just drev as ,one half of a rhombus and 

con5)lete the rhombus. 



er|c 



lk8 



(Section 10-60 :\ i ' ' - 

Coi?)are these numbers/ Show^.vhich* is smalle^ by putting < or > 

between them.^ ... . • ^ 

(a) - .06. _^ .0395 

(b) w;206l . ■ .096. 

(c) 3fOU^ ^2.6" • *' . ■ 

(d) .397 .3971 . *- 



(Section 10-13.) 

Add or subtract. Watch the signs. 

(a) .0321 + .76 = J 

(b) 2.751 13.528 = 
(c> .309 - .27 = ' 



U) .012.6 - .00^^51 



(Section 12-2.) " . ■ 

For the following pair of similar triangles^ wtite the. scale factors 
and then find the lengths that are missing. 





Scale factor: 



and 



11+9 



^ \ . • 

7. (Section 12-8. ) ^ • . 

Write the "missing numerators and denominators.' Then solve the 

problem. ' 

fa) To find kof, of kO , you write: 

X (Use the space below for 

the arithmetic.) 



hCfjl> of 1^0 is 



(b) To find what percent of 6o the number is, jo\i write: 

100 ~W 



of 60 is 1^5. 



(c) To find what number l8 ig 5C^ of, you wite: 

- _ 50 



X 



l8 is 5Ce& of 



Now check your answers on the next page. If you do not have them all 
right, go back and read the section again. 
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m :■■ 



i 

a- 



i. - . A'ABG ^- d- mif - - byfihe SAS. .c.ongruehc&- property." 

4.: ; , 2^;:i^--Y^ like -this:. 




or l^'e'tMs: 




, S*- ^ Your rhombus should ,be congruent ,to this one, but it may be turned 
around, . - 



1^ ' 



ERIC 



15?. •,. •■ 

■-■•157': 



.1- 

r 





(a) 


.06 > .0395 




(b) 


.2001 > .- .096 




(c) 


3.014 > 2.6 




(d) 


.397 < .3971 




(a) 


.7921 




(b). 


i^.-stp • 




(c) 


.039 




(d) 


.00809 



13-R»5. 



1 



-Scale factor: 
y = 12' 



^ and 2 



1^0 
100 


X 






of kO. 


is 


X 

100 


_ ^5 
- 5o 






of 60 


is 


•18 

■ X 


_ 50 
100 




18 


is 


of 
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Chapter 14 ; 
PERPENDICULARS 




* Chapter ik 
TERPENDICULARS 



14-1 



^^ CoDgruerrt Figures and Moftions 



r You have learned that two geometric figures are congruent to each 
ot^her if they/. have exactly the same size and shape. Two figures that 
are congruent may he mad,e to fit together by a motion. In this part of 
the chapter we will look at three types of motion. For example, the 
figure^ A pn the lett may made to fit onto the figure B by a ^ 
sliding motion in the.direction of the arrow. We say that, figure B 





A' 



B' 



-is the slide image of figure^ A ^ or that the slide maps figure A 
onto figure B . Likewise, . figure- B' is 'a slide image of figure A' 
because a sliding motion In the direction of the right-hand arrow 
carries --A' onto B' . ' 

.Lodk at the copgruent figures ,show?i below. There is no slide that 
will map 'figure R onto_figure _S-^-^ — — - 




.JBut figure ' R may be made to map onto figure S , by a turn about point X 
as a center of turp. We say that* figure S is the turn image of figure 1 
or that the turn maps figure R onto figure S . 



l4.1a 



The center of turn may even be a point common to the two figures* 
Look at the congruent 'figures shown below. 




The thiix3 basic motion that we will consider is the flip. You caa 
think of a flip as the motion involved when you turn over a sheet^f 
paper. In the process of flipping a sheet of paper the plane of the paper 
is rotated about a line as shown below. » 
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Figure E may be made to map onto figure F by a flip about i as 

the flip a:xi8^ We say that figure F is the flip image of figure E\ ^ 

or that the flip maps figure E onto figure F • - 

In the figua:^ below^ note how the figures are related by flips about 
and m ♦ 




A 




It is interesting to see .th$t sometimes two congruent figures can 
be made to map onto each other by different motions. For example, 
figure H can be made to map onto figure G by a flip or by a turn/slide 
or by other ways. Find one other way. • • 




H 



H 



flip 
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turn/slide 



H 



lif-ic 



1. 



Exercises 

In e^ch case, the given pair of figures is congruent, foi each 
congruent pair, show exactly hov' the figure marked (l) may be " 
mapped onto the figure marked (2) ty using the motions of slide,- 
turn, or 'flip, or a combination of these methods. Use arrows 
to show slides or turns and dotted lines to show flip axes. Try 
to show more than one method of making the figures map\)nto each 
other. 



(2) 



Possible Solution: 



Possible Solution: 



(■1) 



p 



(2) 



turn about Point P 
Possible Volution: . 



p 



(1). 



turn/slide 
Possible Solution: 



(2) 



* (1) 



t 

.V? turn/flip 



(2) 



(1) 



slide/flip • 



C&n you find any others? " (Ein-t: There are some!) 



(2)' 



V 
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l4-le 



The f igures^ below are to be f-Upped on the dotted line 
In which cases does the figure map onto itself? 




BRAIKBOOBIER. 

5. Think of each f-dlgure below as a wall design that extends forever 
in both directions. What motion or motions will carry the design 
onto itself? 



(a) 



(B) Name tvo types of motion that wlU carry this design onto itself. 




(c) Name two types of motion that will carry this design onto itself. 
Can you find a third type of motion? 
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- ^ • . . 1^-2 

Congmence of a figure vlth Itself 

Before you start this lesion your teacher will give you a 3x5 
card. Label the corners of this rectangular card with capital letters, 
as shown below. Now tura the card over ajid label the corners on the 
back so that A is in back of A , B is in back of B , C . is in 
back of C ^ , and D is in back of D . 




Remove Page lk-2e from your notebook and place the card in the 
center of the page. Trace along the edges of the card so that you draw* 
a rectangle. Label the vertices" of the rectangle as shown below. 
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Now^ In how many vays can you fit the carQ back onto the 
irectangle? . One way would be to slide the card back onto -the 
rectangle in the exact position it was when you made the tracing • 




This fitting shows the identity congruence - 
* . . %. 

ABCD ft's ABCD . 

Notice that there is a coirespondence between each corner, of the ,;card . 
and the: vertices of the rectangle that l-boks like this: 



We always write congi^ence's'so" that we can tell^ even without looking at 
the picture^ which parts of the figures co3rrespond. . The picture below 
is an exanqple of what we mean by this correspondence. 




v\-2je. 



\\ V , : \ V \ 
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ClMS Discussion 



(a) Place your card back on the tracing so as to show the identity 
congruence, » ABCD s ABCD . 

(b) Now make a half -turn with the card so that the corner A- takes 
« position at C , the comer B takes apposition at* D^,, the 
comer C takes a position at A , and the corner D takes 
a position at B . 




^c) This fitting shows the congruence - 

ABCD s . 

(a) Place your card back on the tracing so as to sh^ the identity 



congruence, ABCD s ABCD . 

>51 



(b) Now take the card and flip it about its vertical axis } , 




SO that comer & takes a position at D , corner B " takes a 
position"^ A , corner, D takes a position at C , and 
corner A t^es a position at B • 



(c) This fitting shows the congruence 
ABCD s 



• , l4-2c 



3. (a) Place your card back on the tracing so as to show the identity 
congruence, ABCD s ABCD . 

• (b) Flip your card about its horizontal axis 



and fit it 'back on the tracing, 
(c) This fitting shows the congruence 
ABCD ^ 



You can see that with a rectangle there are four different positions 
in which we can show congruence, and in each case the correspondences 
are different. 



Exercises 

The jfigure below is called an. isosceles trapezoid with AB || DC 

and AD = M . Write two correspondences that shbw that ABCD 

is congruent with itself. 

A B • ^ 



(a) ABCD ^ 



(b) ABCD^ ' 
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2. 



The triangle belCw is ap equilateral triable. ^ In an equilateral 
triangle all three sides are congruent. Writ^ the correspondences 
•that shpv that "A ASC is cbngment to Itself. There are six 
sucb 003n:espondenQes. 




(a) A ABC s 

(b) A ABC ^ 

(c) A ABG s 



(d) A ABC 

(e) A ABC 

(f) A ABC 



The figure below is a square. Write eight correspondences that 
show that RSTV is congruent to itself-. 



(a) RSTVs 

(b) RSTV s 

(c) RSTV a 

(d) RSTV a 




T 

(e) RSTV 

(f ) RSTV 

(g) RSTV 

. (h) RSTV : 



ERIC 
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Work Sheet 



15. 




Right Angles and Perpendicular Lines 



In. an earlier chaptet; you learned that if two^ lines interseqt and 
the four angles forcfed are all congruent^ then the lines are perpendicul 
to each other. ^ £ " . • ' ^ ^ \ ' 



V 



y ^ 



The exercises that follow will give you a chance to review some- 
of the ideas of peii>endicularity. 



Exercises 

1. (a) To the right ^ -make a sketch 
showing that a ray pointing 
north and a ray pointing 
east are perpendicular to 
each other^ thus forming 
a right angle. 



(b) A ray pointing north is also perpendicular to a ray pointing 
in what other direction? 
' (c) A ray pointing east is also perpendicular to a ray pointing 
in what other direction? 
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5- 



270 



The ci'ircle " to tlie - right . is 
marked every 10 d^ees. 
One pair of peijendicuXar .rays 
is CA and XHG' . Name 
another pair ofV.perpendiculair 
rays: . '// _ 

and. • ' ^' . 



Z-AOC-^ and Z BOD are right angl^s^^- 
and m Z COD = 30 . 




(a) m Z COB 



(b) m Z AOB = _ 

(c) m Z DOA = 




BEAIKBOOSTEIR. 

k. Take a piece of paper and try to fold and crease it tvice so that- 
when- you open it jD'ack up the creases vill be perpendicular to 
each other. 
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Sets of Equidistant Points in a Plane (Pei^endicular Bisectors) 

In the drawing below the distance from poini P to point A is 
the saine as the distance from point P to point B • Therefore * P 
is said to be equidistanfb from^ A and B . 



A • 



1. 
2. 
3. 



if. 



Class Discussion 
Use a straightedge to glraw AP , KB ^ and AB . 
What kind of figure has been- formed? 



This particular type of triangle is called an isosceles triangle, 
(a) * What do you kriow about m PA and * m PB ? 



(b) 



If two sides of a* triangle are congruent^ then the 
\^ri.5J;igle is an ^ ' triangle. 



Suppose we take the isosceles triangle A APB and^ using the line 
that passes through point A and B 
as a flip axis, we flip o^er the triangle 
so that we form a figure like 
the one on t^he- right. 

(a) Is PA^Pa? 

(b) Is pTa^P^? 

(c) Is P^^^? 

(d) Is* ^ ^ AP ? 

(e) Then PA , P^ , P»B and BP 
are all ^/to each other. 

(f) What kind of figure is APBP' ? 




In the figure' of Problem k, draw the diagonal PP«" and label -the 
point where the diagonals intersect^ M . By using the SSS property 
•of congruence^ we can show that , A APM s A BPM . See if you can 
follow this reasoning: 



(1) . AP s BP 

(2) m^m 



This was a given fact. 

The diagonals of a rhombus bisect 

each other. 
Identity congruence. 



(3) PM s Pii : 
Then^ by the SSS property of congruence, 
A APM s A BPM . 



Exercises 

Below is a line segment AB and its perpendicular bisector Ji 

I 



M 



B 



(a) Pick any point on *i above 5b and label it P . 

(b) Draw -PA and PB . ^ 

(c) Show that any point P that lies on I is equidistant 

from A and B . To do thls^ use the SAS congruence property. 

(1) M s MB because . 

i — ' 

(2) Z AMP s Z EMP because , 

(3) W because 



{k) Therefore, A APM ^ A 



Now, since point P was any point on t , this tellfe you that each 
point on the perpendicular bisector Z is equidistant from A, and B 
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YoTi are" given' points A , B ^, '-and C • 

B 



• 

c 



(a) jyr'av BC and AC * \ - 

(b) Construct the perpendicular bisectors of EC and AC such 
tliat they intersect. ' , 

(c) Label the point of intersection of the perpendicular 
bisectors^ ,D 

(d) ' Are points A , B , an^ C equidistant from point ,D' ? 



(e) Place the needlepoint of your compass on point. D and the 
pencil point on point A . 

(f) Now draw a circle. 

(g) Do the points B and C lie on the circle? 

(h) If you are given any three points of a circle^ can you 
always find the center of the circle? 



/ 

/ 
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Points A , B ^ and C are all equidistant from a certain point • 



A • 



(a) Find that certain -point. L^el it 0 . 

(b) Make a drawing that shows -all the points "equidistant from 
point 0 . 

(c) What is this figure called? • ' 

' ' • • . ' . ./ 
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Circles and PejpeD(i*iculai*s 






Think of the ^ravfngs above as re'presehting a wheel going down- 
hfll, on leVel- ground, *-and theti uphill; ' 

In each case, line £ -touches the circle at exactly' one point 
and is therefore called a tangent. Point F is called the point of 

y\ r— 

contact or point of t^ngency;- * ^ ^ 



■ C'lass ^ Discussi^on 
-1; . For each of tjcie circles above, draw OP % 

2* (a) What do you ^^hink is the relation between the tangent line Z 

and the radius OP ? ^ 

(b) Mathematicians can prove that: 

(i) A line tangent to a circle is perpendicular to a radius 
at the point of tangency. 

(ii) A line perpendicular- to a radius at its outer endpoint 
4 'is tangent to the circle. 




3. Pictured below is a circle with center 0 and diameter Zl . 

(a line segment through the center of a circle is the djuameter t 
if its endpQints lie on the circle.) Point P is a point on 
the circle. 



A 




(a) Draw A?" . ^ Be sure the ray extends past point P . 

(b) Use your compass and straightedge to construct a line 
perpendicular to A?" passing through point'* P ^ 

(c) Does the line you just constructed also pass through 
point B ? ^It should. 

. (d) What^kind of an angle is Z APB ? , 
(e) What kind of a triangle is A APB ? 
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If you were 'to do the same cdnstruQtion for any other point on 
the semi-circle, the -result vould be .the same.^ 

Any single formed by two rays vliich have a . common vertex on a circle 
and which go through the endpoints of a diameter of that circle is a 
right ahgLe .' 

Exercises • 

1- Ga) In the circle below^' draw ray 0^ ; 

(b) Construct a line i pe3T)endicular' to ray passing through 

• point . P . • . . * • ■ * 




(c) " You know that the line £ you Just constructed is perpend ^.cul€ir 

, to the radius OP ; "therefore^^ line i is' ' > 

to the circle. 



You yiU now construct two tangents from point P to the" circle 
drawn below. 




(a) Draw OP . 

(b) Find the midpoint M of OP by bisecting W . 

(c) Put the needle point of your compass on point M and the ^ 
pencil^ point on poin4. P . .J 

(d) Now draw a circle intersecting tl^e other circle in /two 
points. N 

(e) Label these points of intersection Q and R . 

(f) Draw and . Both of these lines are tangent to the 
circle at points Q and 
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. 14-5(3 

BRAXHBOOSTER. 

3. Two nails are driven in at A and B , and a carpenter's square 
is pressed against the nails shown-. 

Describe the path of Mftnt /c as- the carpenter's square is moved 
around but kept prejj^d against the two nails. 
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Triangles and Paper Folding 



1. 



Class Discussion 

Take Page l\-6c out of your notebook and. place It on your desk. 

Fold the paper sq that C ' [ 
fall0 on top of A , and 
crease the pafer along 
the dotted llr^ & * 




Line Z is the perpendicular bisector of AC 



New fold A on top of and crease the paper to show the ' 

perpendicular bisector of AB . 

Now fold B on top of C , and crease the paper to show the 
perpendicular bisector of BC • 

(a) Use a straightedge and draw the "lines represented by the 
creases. 

Look at the three perpendicular bisectors of the three' sides 

of %he triangle. Do they'itttersect at a 'point? 

.(c) Place the needle point- of your compass at the point of ' 

intersection and the pencil poirit on vertex A . Now draw a 

circle. Do the points B^ and C lie on the circle you 

drew? 

(d) Is the point of intersection of the three' perpendicular 

bisectors of the three sides of the trianjgle equi<!Ystant ^ 

from each vertex? - 



T^e Page l4-4d.OUt of your notebook. Fold B on A and pinch' 
the ^)a]^er at'- M to mark the' 
midpoijrb of 5b • 

Theri'*'¥ota the paper so that 
the erease passes through C 
and M as shown by the 
dotted Une, £ • 

CM' is called 'a median of the 
triangle. 

Using the same method^ find the median from B to AC and the 
median from A to K . v 

(a) TJse a straightedge and drav the lines represented by the 
creases. 

(b) Do the three medians intersect in a .point t 




Take Page l4-6e out of your notebook. Fold the paper so that 

V 



B falls on BC and the 




crease passes through A 
as shown. 

AP is called an altitude 
of the triangle • 

Use the same procedure to 
find the altitude frdm B 
to AC and the altitude r 
from C to AB . 

(a) Use|a straightedge and draw the lines represented by the <^ 
creases. 

(b) Do the three Altitudes intersect at a point? 

(c) Is. each altitude perpendicular to a side of the triangle^ 



179 



.Take Page Ik^-Gf out of yoiir nptebook^ 

Fold the paper , so that AB faU-s 
along AC and ci^ease the paper 
al6ng the dotted line Ji a& 
shown* 

Line £ is the bisector of Z A • 
» • 

In the same .way- fold and 

crease the -paper tq show the 

bisectors of Z B and Z C . 

(a) Use a straightedge and dr^y the lines represented by" the creases i 

(b) Do the i^hree angle bisectors intersect at a point? . 
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Exercises 

Use the figure below to answer the questions that follow, 
W ^_^and Z ACF = Z BCF . 

C 




Name a segment that shows: 

(a) a perpendicular bisector of a side of the triangle. 

(b) a median of the triangle. 

(c) an altitude of .the triangle. • 

(d) an angle bisector of an angle off the triangle. \ 

A ABC is" an isosce^les triangle with ' AB s.. AC . Use compass and 
straightedge to construct: 

(a) the perpendicular bisector of ^BC . 

(b) the altitude from A to BC . 

(c) the>«edian from A to BC . * 

(d) the bis^tor of Z-A . ' 

A 



Pre-Teat Exercises 



^ These exercises are like the problems that wili be on the chapter' / 
test. If you don't Jmow how to do them^ repd' the section again. If you 
still don't understand^ ask your teacher. 

r. (Section lk-1.) 

The figures below are congruent. Using, arrows to show slides 

or turns and dotted lines to shoV flip axes, .show two methods of making 

triangle (l) map onto tilangle^(2) . 




G D 




2. , (Section l4-l. ) 

In the figure below, draw a flip axis' such tljat the figure maps onto 



itself. 
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(Section 

How many flip axes does the figure below have? 




(Section l4-2.) 

The two triangles below are congruent. '''List the corresponding 
parts for each triangle. ^ 




A 





corresponds 


to 






corresponds 


to 






corresponds 


to 




z 


corresponds 


to' 


Z ' ' 


z ^ 


corresponds 


to 


Z 


z 


corresponds 


to 


Z 



14-P-3 

(Section lk'-2, ) 

The figure below is an iso'sceles right triangle where CA = CB . 
Write two correspondences that show that A ACB is congruent 
to itself. 

A ■ . 




(a) A ACB 



(b) A ACB s 



(Section lk-3.) 

name a pair of rays that are perpendicular to each other. 




(Section ik-k. ) 

In the figup4 below line ^ is the perpendicular bisector of AB 
and point P is on line i . ' fcraw PA and PB . What kind of 
triangle have you drawn? ■ 

Z 
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8. (Section Ik-k. ) 

All points on a circle are equidistant from the 
the circle. 



of 



9. (Section l4-5.) 



In the drawing below, line i touches the /circle in exactly one 



point, P j ,. therefpre, , the line is 



to the circle* 





.11. (Section 14-6.) 

■ In the triangle below, draw in:' 

(a) the perpendicular bisector 'of ' AB 

(b) the altitude 'from C to AB . 

(c) the median from A to CB . 
^ (d ) the bisector Of'lB . 



/ 



1 
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-The figures below are congruent. Using arrows to show 
slides or turns and dotted lines to show flip axes^ show two 
met^iods of making the figuj94 ^fl) mp onto figure (2) , 





2. In the figure below^ draw a flip axis such that the figure maps 
onto itself. , - ' ' 



3. How many flip axes does the figure below haVe?. 
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The two trlangj^s below are congruent. ^List the corresponding 
parts f6r each triangle. 





corresponds to 
corresponds to 
corresponds to 
corresponds to 
corresponds to 
corresponds to 



The figure below is an isosceles triangle where CA ^ CB . 
Write two correspondences that show that A ACB is congruent 
to itself. C. 




(a) AACB = 



(b) A ACB s 
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Name a pair of rays that are perpendicular to each other. 



65 



45 



In the figure below^ line i is the perpendicular bisector of AB 
Points P and Q are on line i and are equidistant from M . 
Draw PA , FB , QA ^ and QB . What kind of a figure have you" 
drawn? • < * 



M 



Q 



B 



All points on a circle are 

from the center of the circle. 
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9. If a line is tangent to a cil-^;3.e, then the. line touches the circle 
in exactly ^^^^^^ point. 



10. The drawing below shows that a lin^ 



to a circle is perpendicular to a radius of the cirple. 




11. In the triangle below AM ^ BM .' and L CBf,~ L AEF 

(a) Segment M is called the 

(b) Segment CE is -called an 

(c) Segment OM is called a 

(d) Ray BF the angle at B . 



of A£ 
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Check Your Memory ; Self -Test 
(Section 11-3- )' 

Using a compass and straightedge^ construct a line through point 
parallel to line AB . 




milarity property did you use? 
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3: (Section 12-7^) 

Use ratios to solve these problems. 

(a) 2% of 48 is ' . 

(b) 150^ of 60 is ' ■ ; 

(c) What pfercent of 75 is 15 ? 



k. (Section 13-2.) 
Divide. 

~35 _ 



(a) 



(.) ^ = 

(d) ^ = 
16 



(e) 



_125 
-25 



(Section 13-7. ) 

Subtract. (Use the right side of the page for your work. Write the 
answer in simplest form on the blank. ) 



(e) 1-1 = 



Now check your answers on the next page. If you do not have them all right 
go back and read the section again. 

196 




Answers to Check Your Memory; Self -Test 




Yes . 'The angle at B is a 6o^ angle and the angle at D is 
a 65^ angle^ so the' * thre e v angles of one triangle are congruent 
to thei angles of the other. . , / 



25 

loo 



(y.\ 150 

-Too 



(c) 

(a) 
(b) 
(c) 
(d) 
(e) 

(a) 



(c) 



Too 
■9 



? 
? 

15 

7^ 



1 



7 

2? 



25^ of kQ is 12 . 
♦ 

150^ of 60 is 90 . 

20^ of 75 is 15. 



(d) 
(e) 



25 
5 
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